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Abstract: We derive the part of the Lagrangian for the sigma model on the η-deformed
AdS5 × S5 space which is quadratic in fermions and has the full dependence on bosons.
We then show that there exists a field redefinition which brings the corresponding La-
grangian to the standard form of type IIB Green-Schwarz superstring. Reading off the
corresponding RR couplings, we observe that they fail to satisfy the supergravity equa-
tions of motion, despite the presence of κ-symmetry. However, in a special scaling limit
our solution reproduces the supergravity background found by Maldacena and Russo. Fur-
ther, using the fermionic Lagrangian, we compute a number of new matrix elements of the
tree level world-sheet scattering matrix. We then show that after a unitary transformation
on the basis of two-particle states which is not one-particle factorisable, the corresponding
T-matrix factorises into two equivalent parts. Each part satisfies the classical Yang-Baxter
equation and coincides with the large tension limit of the q-deformed S-matrix.
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1 Introduction and summary
In many instances a better understanding of a physical system or theory takes place once
this system or theory is put under deformation. Recently there was an interesting proposal
on how to deform the sigma model for strings on AdS5×S5 while keeping its classical integra-
bility [1]. Deformations of this type constitute a general class of the so-called Yang-Baxter
deformations [2, 3], which in modern parlance comprise η- [1], [4]-[9] and λ-deformations
[10]-[13], as well as deformations related to solutions of the classical Yang-Baxter equation
[14]-[20]. Our primary interest in studying these deformations is that they typically break
(super)symmetries of the original string model, yet allowing for a possibility to solve them
exactly.
Here we continue the studies of the η-deformed AdS5 × S5 sigma model based on
a solution of the modified classical Yang-Baxter equation corresponding to the standard
Dynkin diagram of the psu(2, 2|4) superalgebra. Recall that for this model the metric
and the B-field are explicitly known [4]. At the classical level the model exhibits a local
fermionic κ-symmetry and a hidden PSUq(2, 2|4) symmetry [7]. It was shown [4] that its
world-sheet bosonic tree-level scattering matrix factorises into two copies, each of which
coincides under proper identification of the parameters with the large tension limit of
the q-deformed S-matrix found from quantum group symmetries, unitarity and crossing
[21, 22].
The aim of the present paper is to clarify an important question of whether or not
the η-deformed model is type IIB string sigma model. As we will show, under certain
assumptions the answer turns out to be negative.
One way to approach this question would be to try to find an embedding of the given
NSNS background into a full solution of type IIB supergravity. Given complexity of the
NSNS background, this appears however a rather difficult task. First of all the equation
for the dilaton has many solutions and also many components of the RR forms seem to
be switched on. Surprisingly, λ-deformations and deformations based on solutions of the
classical Yang-Baxter equation behave better in this respect, and some of the metrics
could be completed to a full supergravity solution. Even if successful, this approach does
not however guarantee that the string sigma model in the corresponding supergravity
background will actually coincide with a deformed model.
Another way to proceed is to note that the Green-Schwarz action restricted to quadratic
order in fermions contains all the information about the background fields. The correspond-
ing Lagrangian has the form, see e.g. [23–25],
LΘ2 = −
g
2 i Θ¯I (γ
αβδIJ + αβσIJ3 )emα ΓmDJKβ ΘK ,
where ΘI are two Majorana-Weyl fermions of the same chirality. The operator DIJα acting
on fermions has the following expression
DIJα =δIJ
(
∂α − 14ω
mn
α Γmn
)
+ 18σ
IJ
3 e
m
αHmnpΓnp
− 18e
ϕ
(
IJΓpF (1)p +
1
3!σ
IJ
1 ΓpqrF (3)pqr +
1
2 · 5!
IJΓpqrstF (5)pqrst
)
emα Γm ,
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where (e, ω,H) constitute a vielbein, the spin connection and the field strength of a B-field,
while F ’s are RR forms and ϕ is a dilaton. Note that the dilaton and RR forms appear only
through the combination eϕF . An approach we undertake in this paper will be therefore
to work out the quadratic fermionic action starting from the η-deformed action of [1]
and some conveniently chosen representative of the coset PSU(2, 2|4)/SO(1, 4) × SO(5).
Then we need to find a field redefinition which brings this action into the Green-Schwarz
canonical form above. This would allow us to identify the background fields and further
check if they satisfy the equations of motion of type IIB supergravity and, in particular,
to find a solution for the dilaton. Such a strategy works perfectly, for instance, for the
AdS5 × S5 sigma model [26].
We succeeded in constructing a field redefinition which brings the quadratic fermionic
Lagrangian of the η-deformed theory to the canonical form. However, reading off the cor-
responding RR couplings1 in section 2.3, we find that they fail to satisfy the supergravity
equations! The next surprising observation is that these couplings do not meet the neces-
sary conditions of the mirror duality [27], and, as the consequence, the mirror background
[28] is not reproduced in the expected limit η → 1. Although this duality is a symmetry
of the exact S-matrix, it involves rescaling of the string tension and therefore its absence
in the classical Lagrangian might be explained by the order of limits problem.
Another interesting observation, which supports the correctness of our result, concerns
a reproduction of a known string background. As was previously noted by one of us [29],
there is a special scaling limit under which the η-deformed metric and B-field reproduce
the NSNS part of the Maldacena-Russo background [30] dual to a non-commutative Yang-
Mills theory.2 Now we observe that in this limit the RR couplings we found precisely
reproduce the rest of the Maldacena-Russo background which is a genuine solution of type
IIB supergravity.
In view of these surprising results it is time to ask how our findings are compatible with
κ-symmetry, especially in view of the work [31, 32], where it was shown that the fulfilment
of the supergravity constraints is sufficient for the Green-Schwarz action to be invariant
under κ-symmetry. To answer this question, we have explicitly developed the κ-symmetry
transformations of the η-deformed model [1] to the leading order in fermions. We then
find that the same field redefinition which brings the original Lagrangian to the canonical
Green-Schwarz form also brings the κ-symmetry variations of the target-space coordinates
to the standard form in type IIB theory. Then the variation of the world-sheet metric auto-
matically acquires the standard form as well and contains RR couplings, allowing therefore
for their independent determination. The RR couplings we read off from the κ-variations
of the world-sheet metric coincide with what we found from the canonical Lagrangian.
Clearly, at the level of the quadratic Lagrangian κ-symmetry cannot say anything about
equations of motion for RR couplings. Indeed, the latter couple to fermion bilinears and
their leading order κ-symmetry variations should be combined with variations of the quar-
1Throughout the paper we loosely refer to F -forms as to RR couplings although as found a posteriori
they are not a part of a supergravity background.
2The NSNS part of the Maldacena-Russo background also appears in the context of deformations related
to solutions of the classical Yang-Baxter equation [15].
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tic fermionic terms to produce differential constraints on F ’s which guarantee invariance of
the action. The failure of the RR couplings to satisfy the supergravity equations including
the Bianchi identities suggests that κ-symmetry transformations in the η-deformed theory
will deviate from that of the Green-Schwarz superstring beyond the leading order.
Now we comment on the issue of field redefinitions. How can one be sure that no
other field redefinitions exist which produce better results for RR couplings? Note that we
already brought our Lagrangian to the canonical form where NSNS fields (e, ω,H) appear
automatically to be the same as determined from the bosonic action. Thus, if we want to
perform further field redefinitions we have to require that they keep the NSNS part of the
fermionic action untouched and change exclusively the RR content. Moreover, in the limit
η → 0 such redefinitions should either trivialize or become a symmetry transformation of
the undeformed model and the same must be true for the scaling limit to the Maldacena-
Russo background. By performing an infinitesimal analysis we then show that there is
no smooth η-dependent transformation of fields which reduces to the identity in the limit
η → 0 and does not modify the NSNS part of the action. An existence of discrete, i.e.
η-independent transformations is much more difficult to rule out and, therefore, our result
on non-existence of the supergravity background is only applied if no such transformation
exists.
Since inclusion of fermions leads to a variety of puzzling results, we find it interesting
to extend our earlier computation of the bosonic tree-level two-particle S-matrix [4] to
include fermions. What we are computing is in fact T-matrix. In the purely bosonic case
this T-matrix factorises into two parts, each satisfies the classical Yang-Baxter equation
(i.e. it is a classical r-matrix) and coincides with the leading term of the large tension
expansion of the known q-deformed S-matrix. In other words, this T-matrix has precisely
the same properties as its undeformed counterpart. We then use our quadratic fermionic
Lagrangian to compute new elements in the scattering matrix and discover that this time
it does not factorise on two copies. This nice property is spoiled by Boson+Fermion→ Bo-
son+Fermion scattering elements. However, there exists a unitary momentum-independent
transformation of the basis of two-particle states which brings our T-matrix to a factoris-
able form. Each factor coincides with the large tension limit of the psuq(2|2)-invariant
S-matrix. The transformation of the two-particle basis we found does not however admit
a factorisation on transformations of one-particle states. A similar situation has been ob-
served at the one- and two-loop level where integrability of the corresponding S-matrix
obtained through unitarity-based methods also required a (momentum-dependent) one-
particle-unfactorisable rotation on the basis of two-particle states [9].3 We note that one
can think about our unitary transformation as acting on the Hamiltonian which then be-
comes highly non-local. Moreover, this transformation is η-independent and is therefore a
symmetry of the undeformed S-matrix.
The light-cone Hamiltonian has an important feature. Although the theory has only q-
deformed supersymmetry, the masses of bosons and fermions in the light-cone Hamiltonian
3One important difference, though, is that in [9] factorisation of the T-matrix could be also achieved
by performing a one-particle transformation which made however the spin and dimension of single-particle
states complex.
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appear to be the same and they both have a mild dependence of the deformation parameter.
Thus, the BMN vacuum is supersymmetric just as it was in the undeformed case.
The paper is organised as follows. In the next section we recall the basic facts about
the η-deformed AdS5 × S5 sigma model, describe the main steps in the derivation of the
fermionic quadratic Lagrangian, present and discuss our main result on the RR couplings.
Section 3 contains an alternative derivation of the RR couplings from κ-symmetry. Section
4 is devoted to the discussion of residual field redefinitions. In section 5 we present the
T-matrix and discuss how to achieve its factorisation and fulfilment of the Yang-Baxter
equation. Definitions and technical derivations are relegated to three appendices. For the
reader’s convenience we also attach appendix D with the equations of motion of type IIB
supergravity.
2 Quadratic fermionic Lagrangian and RR couplings
2.1 η-deformed model
Let us recall that the Lagrangian density of the η-deformed model is given by [1]
L = −g4(1 + η
2)
(
γαβ − αβ) str[d˜(Aα) 11− ηRg ◦ d(Aβ)
]
, (2.1)
and the action S is normalised as S =
∫
dσdτL . We use the notations and conventions from
[33]: τσ = 1; γαβ = hαβ
√−h , γττ < 0; g is the effective string tension. The current Aα =
−g−1∂αg, where g ≡ g(τ, σ) is a coset representative from PSU(2, 2|4)/SO(4, 1) × SO(5).
The operators d and d˜ acting on the currents Aα are defined as
d = P1 +
2
1− η2P2 − P3, d˜ = −P1 +
2
1− η2P2 + P3 ,
where Pi, i = 0, 1, 2, 3, are projections on the corresponding components of the Z4-graded
decomposition of the superalgebra psu(2, 2|4), see appendix A.1.
The operator Rg acts on M ∈ G as follows
Rg(M) = g−1R(gMg−1)g , (2.2)
where R is a linear operator on G which in this paper we define as
R(M)ij = −i ijMij , ij =

1 if i < j
0 if i = j
−1 if i > j
, (2.3)
where M is an arbitrary 8×8 matrix. This choice of R corresponds to the standard Dynkin
diagram of psu(2, 2|4).
In our previous paper [4] the fermions were switched off, a particular choice of the
bosonic coset element gb was made, and the operator 1/(1 − ηRgb ◦ d) was found and
used to determine the bosonic part of the η-deformed action. Introducing the convenient
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Figure 1: Geometry of the η-deformed background depicted via embeddings of two-dimensional
surfaces (t, ρ) and (φ, r) and into three-dimensional pseudo-euclidean and euclidean spaces, respec-
tively.
deformation parameter κ = 2η1−η2 and g˜ = g
√
1 + κ2, the η-deformed metric and the B-field
can be written in the form
1
g˜
ds2a =−
dt2
(
1 + ρ2
)
1− κ2ρ2 +
dρ2
(1 + ρ2) (1− κ2ρ2)
+ dζ
2ρ2
1 + κ2ρ4 sin2 ζ +
dψ21ρ
2 cos2 ζ
1 + κ2ρ4 sin2 ζ + dψ
2
2ρ
2 sin2 ζ ,
(2.4)
1
g˜
ds2s =
dφ2
(
1− r2)
1 + κ2r2 +
dr2
(1− r2) (1 + κ2r2)
+ dξ
2r2
1 + κ2r4 sin2 ξ +
dφ21r
2 cos2 ξ
1 + κ2r4 sin2 ξ + dφ
2
2r
2 sin2 ξ ,
(2.5)
Bψ1ζ =
g˜
2κ
ρ4 sin 2ζ
1 + κ2ρ4 sin2 ζ , Bφ1ξ = −
g˜
2κ
r4 sin 2ξ
1 + κ2r4 sin2 ξ .
(2.6)
The effect of the deformation on the shape of AdS2 and S2 is shown on Figure 1.
In what follows for convenience we are enumerating the coordinates as
X0 = t, X1 = ψ2, X2 = ψ1, X3 = ζ, X4 = ρ,
X5 = φ, X6 = φ2, X7 = φ1, X8 = ξ, X9 = r,
(2.7)
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so that the non-vanishing components of the B-field are B23 and B78 while the non-
vanishing components of the field strength HKLM are H234 and H789.
To find the part of the η-deformed action quadratic in fermions we use the following
coset element
g = gbgf , (2.8)
where the bosonic element gb = Λgx is the same as in [4]. The element gf which comprises
fermionic degrees of freedom can be defined through the exponential map gf = expχ, or
as gf = χ+
√
1 + χ2. The two choices produce the same expression if we stop at quadratic
order. The Lie algebra element χ is a linear combination of odd generators of the psu(2, 2|4)
algebra4 χ ≡ QI αaθI αa.
The current A = −g−1dg can be decomposed in terms of linear combinations of the
generators of the psu(2, 2|4) algebra
A = LmPm +
1
2L
mnJmn + LI αaQI αa. (2.9)
It is useful to look at the purely bosonic and purely fermionic currents separately, that are
found by switching off fermions and bosons respectively. The purely bosonic current is a
combination of even generators Pm and Jmn
Ab = −gb−1dgb = emPm + 12ω
mnJmn , (2.10)
where em = emMdXM is the AdS5 × S5 vielbein and ωmn = ωmnM dXM is the corresponding
spin connection whose explicit expressions can be found in appendix A.4.
The purely fermionic current is decomposed in terms of even and odd generators
Af = −gf−1dgf = ΩmPm + 12Ω
mnJmn + ΩI αaQI αa (2.11)
where we have defined the yet to-be-determined quantities Ωm,Ωmn,ΩI αa. Expanding gf
in powers of θ up to quadratic order in fermions we find
Af =− gf−1dgf
=−QI dθI + i2δ
IJ θ¯Iγ
mdθJ Pm − 14
IJ θ¯Iγ
mndθJ Jˇmn +
1
4
IJ θ¯Iγ
mndθJ Jˆmn ,
(2.12)
whereˇandˆ refers to the quantities related to AdS5 and S5, respectively, and the matrices
γn are defined in (A.23). The computation of the full current is similar and one gets
A = −g−1dg = Af + gf−1Abgf =
(
em + i2 θ¯Iγ
mDIJθJ
)
Pm −QI DIJθJ (2.13)
+ 12ω
mnJmn − 14
IJ θ¯I
(
γmnJˇmn − γmnJˆmn
)
DJKθK ,
where the operator DIJ acting on fermions θ is given by
DIJ = δIJ
(
d− 14ω
mnγmn
)
+ i2
IJemγm. (2.14)
4See appendix A.1 for the definition of the psu(2, 2|4) generators we use.
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Sometimes it is useful to split this operator as
DIJ = DIJ + i2
IJemγm, DIJ ≡ δIJD, (2.15)
where D = d− 14ωmnγmn is the covariant derivative acting on fermions.
The action of the projections d and d˜ on the current A are found from the formulae
d(Jmn) = d˜(Jmn) = 0, d(Pm) = d˜(Pm) =
2
1− η2Pm, d(Q
I) = −d˜(QI) = (σ3)IJQJ . (2.16)
In particular, the J-part of the current is irrelevant for the computation of the Lagrangian,
since it is projected out when defining the coset.
The next step consists in constructing the inverse of the operator
O = 1− ηRg ◦ d . (2.17)
To this end, we find convenient to expand it in powers of fermions θ as
O = O(0) +O(1) +O(2) + · · · , (2.18)
where O(k) is the contribution at order θk. On generators J of degree 0 the inverse operator
O acts as the identity, at any order in fermions. To find its action on the other generators,
we invert it perturbatively in powers of fermions:
O−1 = Oinv(0) +Oinv(1) +Oinv(2) + · · · , (2.19)
where Oinv(k) is the contribution at order θk. The leading contribution Oinv(0) was already
derived in [4]. Demanding that O · O−1 = O−1 · O = 1 we find
Oinv(1) = −Oinv(0) ◦ O(1) ◦ Oinv(0) ,
Oinv(2) = −Oinv(0) ◦ O(2) ◦ Oinv(0) −Oinv(1) ◦ O(1) ◦ Oinv(0) .
(2.20)
We will not need higher order contributions. To keep the discussion transparent, for an
explicit construction of O−1 up to quadratic order in fermions we refer the reader to
appendix B.1.
2.2 Quadratic fermionic Lagrangian
Substituting now all the ingredients, that is the current (2.13) and O−1 into the Lagrangian
(2.1), we expand it up to quadratic order in fermions. At leading order we find the already
known [4] bosonic Lagrangian
L(0) = −
g˜
2(γ
αβ − αβ) emα enβknpηmp, (2.21)
where emα = emM∂αXM is the vielbein of AdS5 × S5 and the coefficients knp are presented
in appendix B.1, see eqs.(B.12) and (B.13). We can rewrite this result in the standard
sigma model form recovering the deformed metric (2.4), (2.5) and the B-field (2.6), which
happens due to the identities
em(Me
n
N)kn
pηmp = e˜mM e˜nNηmn , em[MenN ]knpηmp = BMN , (2.22)
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where e˜mM is a vielbein for the deformed metric which we present in appendix A.4 and η is
the Minkowski metric (A.20).
In the expansion of the Lagrangian (2.1) in powers of fermions, contributions to a given
power come from three sources: from the current Aα, from the operator O−1 and from the
current Aβ. Thus, the quadratic fermionic Lagrangian is a sum of six terms
L(2) = L{002} +L{200} +L{101}
+L{011} +L{110} +L{020} ,
(2.23)
where three numbers in the brackets indicate powers of fermions coming from Aα, O−1 and
Aβ, respectively. For the first two contributions we find
L{002} = −
g˜
2(γ
αβ − αβ) i2 θ¯I(e
m
α k
n
mγn)DIJβ θJ ,
L{200} = −
g˜
2(γ
αβ − αβ) i2 θ¯I(e
m
β km
nγn)DIJα θJ ,
(2.24)
where knm = ηnqkqpηpm. Note that the sum of L{002} + L{200} gives a non-trivial con-
tribution also to the Wess-Zumino term, since the matrix kmn has a non-vanishing anti-
symmetric part.
Concerning the contribution {101}, in appendix B.2 we manipulate the initial re-
sult (B.24) to bring it to the form most close to the canonical one
L{101} = −
g˜
2
αβ θ¯L i e
m
α γm
(
σLK3 D
KJ
β θJ −
κ
1 +
√
1 + κ2
LKDKJβ θJ
)
, (2.25)
which holds up to a total derivative.
Now we spell out the contributions stemming from the inverse operator taken at first
order in the θ expansion. The two contributions {011}, {110} can be naturally considered
together5
L{011}+{110} = −
g˜
4(γ
αβ − αβ)θ¯K
[
− (κσKI1 − (−1 +
√
1 + κ2)δKI)
(
iγp +
1
2γmnλ
mn
p
)
+ (κσKI3 − (−1 +
√
1 + κ2)KI) iγnλpn
]
(kpqeqαDIJβ + kqpe
q
βD
IJ
α )θJ . (2.26)
Finally, the last contribution to the Lagrangian is delivered by the term where the inverse
operator is taken at order θ2. We find
L{020} = −
g˜
2(γ
αβ − αβ) κ4 e
v
αe
m
β k
u
vkm
n θ¯K[
− 2δKI
(
γu
(
γn +
i
4λ
pq
n γpq
)
− i4γpqγnλ
pq
u
)
− KI
(
γuλn
pγp − γpγnλup
)
− (−1 +
√
1 + κ2)δKI
((
γu −
i
2γpqλ
pq
u
)(
γn +
i
2λ
rs
n γrs
)
+ γpλupλnrγr
)
5The result can be put in this form thanks to the properties (B.7).
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− (−1 +
√
1 + κ2)KI
(
− γpλup
(
γn +
i
2λ
rs
n γrs
)
+
(
γu −
i
2γpqλ
pq
u
)
λn
rγr
)
+ κσKI1
((
γu −
i
2γpqλ
pq
u
)(
γn +
i
2λ
rs
n γrs
)
− γpλupλnrγr
)
− κσKI3
(
γpλu
p
(
γn +
i
2λ
rs
n γrs
)
+
(
γu −
i
2γpqλ
pq
u
)
λn
rγr
)]
θI . (2.27)
The last two expressions involve the coefficients λmn, λnpm , λpmn, λpqmn which are collected in
appendix B.1.
Summing up all the above contributions, we discover that the result is not the standard
Green-Schwarz Lagrangian, see the Introduction. Yet, in the undeformed limit it reduces
to that one. Indeed, when κ → 0, the contributions L{011}+{110} and L{020} vanish, while
kmn in eq.(2.24) becomes ηmn, so that (2.24) transforms into the standard kinetic term,
while (2.25) provides its Wess-Zumino completion.6 This is of course expected because
the canonical form of the undeformed Lagrangian is intrinsically built in our construction
based on global symmetries and the choice (2.8) of the coset representative. On the other
hand in the deformed model the AdS5 × S5 coset plays an auxiliary role because only
six commuting isometries remain unbroken. It is thus clear that the Lagrangian we got
describes couplings of bosons with fermion bilinears written with a more or less arbitrary
choice of coordinates and that field redefinitions will in general modify its form. Our next
task is therefore to find a field redefinition that will cast (2.23) in the desired canonical
form.
To search for necessary field redefinitions we need a guidance principle. All terms in
L(2) can be split into two parts: the kinetic part L ∂ , which contains all couplings of the
form θ∂θ, and the mass part θθ, which constitutes the rest of the Lagrangian. The idea
is to concentrate just on the kinetic part and find field redefinitions which bring it to the
canonical form. In the process new mass terms will be generated and we look at all of them
at the very end. Clearly, two types of field redefinitions are possible: rotations of fermions
θI → U IJθJ with coefficients U IJ depending on bosons and shifts of bosons by fermion
bilinears. In the second case, the bosonic Lagrangian L(0) will generate contributions to
L(2) and if we do not want to create higher derivatives of θ, the corresponding shifts should
be of the form
XM → XM + θ¯IfMIJ (X) θJ (2.28)
with boson-dependent coefficients fMIJ (X).
Next, all the terms inL ∂ are naturally divided according to their symmetry properties
into two categories L ∂+ and L ∂− . Given an expression of the form θIM IJ∂θJ , we classify
it according to
θIM
IJ∂θJ = +∂θIM IJθJ =⇒ L ∂+ ,
θIM
IJ∂θJ = −∂θIM IJθJ =⇒ L ∂− .
(2.29)
6In particular, the self-dual five-form of the AdS5 × S5 background arises from the term with IJ in the
definition (2.14) of the operator DIJ [26].
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The symmetry properties are manifested through purely algebraic manipulations, not by
integrating by parts. They are inherited from symmetries of gamma matrices contained in
M IJ and from the behaviour of M IJ under the exchange of I, J . We then show in appendix
B.3 that there exists a choice of the coefficients in (2.28) such that the corresponding shift
completely removes L ∂+ , leaving behind a bunch of new mass terms. As to L ∂− , it remains
untouched under this shift because the symmetry properties of the derivative couplings
generated by (2.28) are opposite to that of L ∂− . The only manipulations we are left with at
this point are boson-dependent rotations of fermions. Since L ∂− and the canonical kinetic
term share the same symmetry (2.29), a rotation which transforms one into the other
always exists and we find its explicit form in appendix B.3.
Through the shift of bosons and the rotation of fermions we generated quite a lot of new
mass terms. It is now time to sum them up and group together according to their tensorial
structures. Quite remarkably, after this is done, the mass part turns out to automatically
fit the canonical arrangement. In terms of a 32-dimensional Majorana fermion Θ of positive
chirality (A.46), our Lagrangian is therefore
L(2) = −
g˜
2 i Θ¯I (γ
αβδIJ + αβσIJ3 )e˜mα Γm D˜JKβ ΘK , (2.30)
where the operator D˜IJα enjoys the canonical form7
D˜IJα =δIJ
(
∂α − 14 ω˜
mn
α Γmn
)
+ 18σ
IJ
3 e˜
m
αHmnpΓnp
− 18e
ϕ
(
IJΓpF (1)p +
1
3!σ
IJ
1 ΓpqrF (3)pqr +
1
2 · 5!
IJΓpqrstF (5)pqrst
)
e˜mα Γm ,
(2.31)
In the last equation e˜mM is the same vielbein of the η-deformed metric, c.f. appendix A.4,
that features in the bosonic Lagrangian, while ω˜mnM is the spin connection that is related
to e˜mM by the standard formula (A.54). Finally, for the 3-form Hmnp we find the following
two non-vanishing components
H234 = −4κρ
√
1 + ρ2
√
1− κ2ρ2 sin ζ
1 + κ2ρ4 sin2 ζ , H789 = +4κr
√
1− r2√1 + κ2r2 sin ξ
1 + κ2r4 sin2 ξ . (2.32)
These are precisely the field strength components of the B-field (2.6) written with the
flat space indices. Thus, we completely restore the NSNS background of the η-deformed
theory at the level of the quadratic fermionic action, which is rather non-trivial by itself
and provides a strong validity check of our computation.
Postponing the discussion of the RR couplings till the next section, we conclude by
pointing out that the field redefinitions of (X, θ) we used do not involve world-sheet deriva-
tives and, as such, they can be viewed as a certain κ-dependent reparametrisation of the
original coset representative (2.8) of AdS5 × S5.
7The 10-dimensional Γ-matrices are given in (A.42).
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2.3 RR couplings
Here we present our main result – the RR couplings of the η-deformed theory, and then
discuss some of their features. From eq.(2.31) we find the following non-vanishing RR
forms written with flat indices of the tangent space
eϕF1 = −4κ2 c−1F ρ3 sin ζ, eϕF6 = +4κ2 c−1F r3 sin ξ, (2.33)
eϕF014 = +4κ c−1F ρ
2 sin ζ, eϕF123 = −4κ c−1F ρ,
eϕF569 = +4κ c−1F r
2 sin ξ, eϕF678 = −4κ c−1F r,
eϕF046 = +4κ3 c−1F ρr
3 sin ξ, eϕF236 = −4κ3 c−1F ρ2r3 sin ζ sin ξ,
eϕF159 = −4κ3 c−1F ρ3r sin ζ, eϕF178 = −4κ3 c−1F ρ3r2 sin ζ sin ξ,
(2.34)
eϕF01234 = +4 c−1F , e
ϕF02346 = −4κ4 c−1F ρ3r3 sin ζ sin ξ,
eϕF01459 = +4κ2 c−1F ρ
2r sin ζ, eϕF01478 = +4κ2 c−1F ρ
2r2 sin ζ sin ξ,
eϕF04569 = +4κ2 c−1F ρr
2 sin ξ, eϕF04678 = −4κ2 c−1F ρr.
(2.35)
For simplicity we have defined the common coefficient
cF =
1√
1 + κ2
√
1− κ2ρ2
√
1 + κ2ρ4 sin2 ζ
√
1 + κ2r2
√
1 + κ2r4 sin2 ξ. (2.36)
For the five-form we presented here only half of all its non-vanishing components, namely
those which involve the index 0. The other half is obtained from the self-duality equation
for the five-form. The answer appears to be rather simple and in the limit κ → 0 all
the components vanish except F01234 which reduces to the constant five-form flux of the
AdS5 × S5 background.
For the reader’s convenience we present the same results written in curved indices
eϕFψ2 = 4κ
2 c−1F ρ
4 sin2 ζ, eϕFφ2 = −4κ2 c−1F r4 sin2 ξ, (2.37)
eϕFtψ2ρ = +4κ c
−1
F
ρ3 sin2 ζ
1− κ2ρ2 , e
ϕFψ2ψ1ζ = +4κ c
−1
F
ρ4 sin ζ cos ζ
1 + κ2ρ4 sin2 ζ ,
eϕFφφ2r = +4κ c
−1
F
r3 sin2 ξ
1 + κ2r2 , e
ϕFφ2φ1ξ = +4κ c
−1
F
r4 sin ξ cos ξ
1 + κ2r4 sin2 ξ ,
eϕFtρφ2 = +4κ
3 c−1F
ρr4 sin2 ξ
1− κ2ρ2 , e
ϕFψ1ζφ2 = +4κ
3 c−1F
ρ4r4 sin ζ cos ζ sin2 ξ
1 + κ2ρ4 sin2 ζ ,
eϕFψ2φr = −4κ3 c−1F
ρ4r sin2 ζ
1 + κ2r2 , e
ϕFψ2φ1ξ = +4κ
3 c−1F
ρ4r4 sin2 ζ sin ξ cos ξ
1 + κ2r4 sin2 ξ ,
(2.38)
eϕFtψ2ψ1ζρ = +
4 c−1F ρ
3 sin ζ cos ζ
(1− κ2ρ2) (1 + κ2ρ4 sin2 ζ) , e
ϕFtψ1ζρφ2 = −
4κ4 c−1F ρ
5r4 sin ζ cos ζ sin2 ξ
(1− κ2ρ2) (1 + κ2ρ4 sin2 ζ) ,
eϕFtψ2ρφr = −
4κ2 c−1F ρ
3r sin2 ζ
(1− κ2ρ2) (1 + κ2r2) , e
ϕFtψ2ρφ1ξ = +
4κ2 c−1F ρ
3r4 sin2 ζ sin ξ cos ξ
(1− κ2ρ2) (1 + κ2r4 sin2 ξ) ,
eϕFtρφφ2r = −
4κ2 c−1F ρr
3 sin2 ξ
(1− κ2ρ2) (1 + κ2r2) , e
ϕFtρφ2φ1ξ = −
4κ2 c−1F ρr
4 sin ξ cos ξ
(1− κ2ρ2) (1 + κ2r4 sin2 ξ) .
(2.39)
Inspection of the found RR couplings reveals that contrary to the natural expectations
they do not obey equations of motion of type IIB supergravity.
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First of all for the Bianchi identities this is already obvious from the expression (2.37)
for the 1-form. To fit the supergravity content this form must be exact F (1) = dχ, where χ
is axion. One can verify that there is no way to split off an integrating factor eϕ in (2.37),
such that the corresponding F (1) becomes exact.
Concerning other equations of motion, consider, for instance, the Einstein equations
(D.12) which involve an unknown dilaton. One can show that to achieve vanishing of the
off-diagonal components of the Einstein equations the dilaton ϕ must be of the form
ϕ = Φa(ρ, ζ) + Φs(r, ξ) , (2.40)
where Φa and Φs are some functions. However, analysis of the diagonal components of the
Einstein equations shows that a solution for Φa and Φs does not exist.
Now we will attempt to make contact of our findings with known supergravity solutions
by considering special limits.
Mirror background We first analyse a special limit κ → ∞. Rescaling the bosonic coor-
dinates of the η-deformed metric as
t→ t
κ
, ρ→ ρ
κ
, φ→ φ
κ
, r → r
κ
, (2.41)
and then sending κ → ∞, yields upon an overall rescaling the metric for the AdS5 ×
S5 mirror model [28]. The B-field vanishes in this limit. The resulting metric can be then
embedded into a full solution of type IIB supergravity by supplementing it with a dilaton
and a five-form flux [28].
Now we look at how the actual RR couplings behave in this limit. Upon rescaling
(2.41) it is enough to keep only those components with tangent indices that are of order
O(κ) at large κ to compensate the power 1/κ coming from the vielbein that multiplies
the RR couplings in eq.(2.31). The surviving components are thus
eϕ F123 = − 4ρ√1− ρ2√1 + r2 , eϕ F678 = − 4r√1− ρ2√1 + r2 ,
eϕ F01234 = +
4√
1− ρ2√1 + r2 , e
ϕ F04678 = − 4ρr√1− ρ2√1 + r2 .
(2.42)
This result does not match the proposed mirror background [28], and the limiting couplings
continue to displease the supergravity equations.
Maldacena-Russo background Here we look at a special κ → 0 limit and show that the
solution we found reproduces in this limit the Maldacena-Russo (MR) background [30]
which is a genuine solution of supergravity equations.
To achieve this limit, we first rescale the coordinates parameterising the deformed AdS
space as
t→ √κ t , ψ2 →
√
κ
sin ζ0
ψ2 , ψ1 →
√
κ
cos ζ0
ψ1 , ζ → ζ0 +
√
κ ζ , ρ→ ρ√
κ
, (2.43)
where ζ0 is a parameter, and then send κ → 0. Because the coordinates of the deformed S5
do not undergo any rescaling, the corresponding part of the metric just reduces in this limit
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to the underformed metric on S5, and the components of the B-field in those directions
vanish. The AdS part of the metric and the B-field remain non-trivial and we find
ds2(MR) = ρ2
(
−dt2 + dψ22
)
+ ρ
2
1 + ρ4 sin2 ζ0
(
dψ21 + dζ2
)
+ dρ
2
ρ2
+ ds2S5 ,
B(MR) = +
ρ4 sin ζ0
1 + ρ4 sin2 ζ0
dψ1 ∧ dζ,
(2.44)
which is precisely the NSNS content of the MR background.
Now we apply the same limiting procedure to the components of the RR couplings
(2.33), (2.34) and (2.35) and find that the axion vanishes, and only one component of F (3)
and one of F (5) (plus its dual) survive
eϕF014 =
4ρ2 sin ζ0√
1 + ρ4 sin2 ζ0
, eϕF01234 =
4√
1 + ρ4 sin2 ζ0
. (2.45)
If we identify the dilaton as
ϕ = ϕ0 − 12 log(1 + ρ
4 sin2 ζ0) , (2.46)
where ϕ0 is a constant, we then find that the non-vanishing components for the RR fields,
written both with tangent and curved indices, are
F014 = e−ϕ0 4ρ2 sin ζ0 , F01234 = e−ϕ0 4 ,
Ftψ2ρ = e−ϕ0 4ρ3 sin ζ0 , Ftψ2ψ1ζρ = e−ϕ0
4ρ3
1 + ρ4 sin2 ζ0
.
(2.47)
These are precisely the dilaton and the RR fields of the MR background [30]. It is very
interesting that despite incompatibility with supergravity equations for generic values of
the deformation parameter, there exists a certain limit, different from AdS5 × S5, where
this compatibility is retrieved.
3 RR couplings from κ-symmetry
As was shown in [1, 7], the Lagrangian of the deformed model is invariant under κ-symmetry
transformations. Recall that in the undeformed case κ-transformations are implemented
by multiplying a group representative of a coset element from the right:
g · exp(ε) = g′ · h , (3.1)
where ε is a local fermionic parameter which takes values in psu(2, 2|4). Here on the right
hand side g′ is a new coset representative and h is a compensating transformation from
SO(4, 1) × SO(5). For generic ε this transformation is not a symmetry of the action, but
for a special choice
ε = 12(γ
αβδIJ − αβσIJ3 )
(
QIκJαA(2)β +A
(2)
β Q
IκJα
)
, (3.2)
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one can show that this is indeed the case [33]. The spinors κ1α and κ2α are local transfor-
mation parameters which under Z4-decomposition have degree 1 and 3, respectively.
In the deformed case one can still prove the existence of a local fermionic symmetry of
the form (3.1). However, to achieve the invariance of the action the definition (3.2) has to
be modified, in particular ε will no longer lie just in the odd part of the algebra, but will
have a non-trivial overlap with the even part. Precisely, ε is written in terms of an odd
element % as [1]
ε = O%, % = %(1) + %(3). (3.3)
where O is the operator defined in (2.17) and the two projections %(k) are8
%(1) = 12(γ
αβ − αβ)
(
Q1κ1α
(
O−1Aβ
)(2)
+
(
O−1Aβ
)(2)
Q1κ1α
)
,
%(3) = 12(γ
αβ + αβ)
(
Q2κ2α
(
O˜−1Aβ
)(2)
+
(
O˜−1Aβ
)(2)
Q2κ2α
)
,
(3.4)
where we defined
O˜ = 1 + ηRg ◦ d˜ . (3.5)
In appendix B.4 we explicitly derive the variations of bosonic and fermionic fields implied
by the above definitions, and observe that they do not have the usual form of the κ-
variations of type IIB superstring. However, after implementing the field redefinitions of
appendix B.3, which were needed to put the Lagrangian in the canonical Green-Schwarz
form, we find that also the kappa-variations become indeed standard
δκX
M = − i2 Θ¯Iδ
IJ e˜MmΓmδκΘJ +O(Θ3),
δκΘI = −14(δ
IJγαβ − σIJ3 αβ)e˜mβ ΓmK˜αJ +O(Θ2),
(3.6)
where
K˜ ≡
(
0
1
)
⊗ κ˜, (3.7)
and κ˜ is related to κ as in (B.81). It is now instructive to also look at the kappa-variation
for the world-sheet metric, as this provides an independent way to derive the couplings of
the fermions to the background fields. The variation is given by [1]
δκγ
αβ = 1− η
2
2 str
(
Υ
[
Q1κα1+, P (1) ◦ O˜−1(Aβ+)
]
+ Υ
[
Q2κα2−, P (3) ◦ O−1(Aβ−)
])
, (3.8)
where Υ = diag(14,−14) and the projections of a vector Vα are defined as
V α± =
γαβ ± αβ
2 Vβ . (3.9)
As we show in appendix B.4, after taking into account the field redefinitions performed to
get the canonical action, we find a standard kappa-variation also for the world-sheet metric
δκγ
αβ = 2i
[
¯˜
K
α
1+D˜
β1J
+ ΘJ +
¯˜
K
α
2−D˜
β2J
− ΘJ
]
+O(Θ3)
= 2i ΠIJ αα′ΠJK ββ′ ¯˜KIα′D˜KLβ′ ΘL +O(Θ3),
(3.10)
8Comparing to [1] we have dropped the factor of i because we use “anti-hermitian” generators.
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where we have defined
ΠIJ αα′ ≡ δ
IJγαα
′ + σIJ3 αα
′
2 . (3.11)
The operator D˜IJα turns out to be the same as obtained earlier in the Lagrangian approach.
It is given by eq.(2.31), and, in particular, it contains the same RR couplings as found in
section 2.3.
We point out that at the level of the quadratic fermionic action, the requirement of
κ-symmetry is unable to produce differential constraints on the RR fields, in particular,
the Bianchi identities. Constraints will start to emerge from the quartic action, because
to check its invariance, one has to vary the RR couplings entering the quadratic part of
the fermionic action, which will lead to the appearance of their derivatives. Thus, if our
result for the RR couplings is an ultimate one, i.e. if there are no further field redefinitions
changing the RR couplings only, one could expect that at higher orders in fermions both
κ-symmetry transformations and the corresponding Lagrangian start to deviate from the
standard form in the theory of IIB Green-Schwarz superstring, and this could explain
why our results are compatible with the work [31, 32]. It is also worth stressing that in
[31, 32] it was shown that the supergravity constrains are sufficient for κ-symmetry of the
Green-Schwarz action, whether they are also necessary is unknown to us.
4 On field redefinitions
In the previous section we were able to transform the original Lagrangian into the canonical
form and further observed that the RR couplings derived from the latter do not satisfy the
supergravity equations. On the other hand, the NSNS couplings in the quadratic fermionic
action are properly reproduced and they are the same as found earlier from the bosonic
Lagrangian. Therefore we are motivated to ask whether further field redefinitions could
be performed which exclusively change the RR content of the theory. It appears to be
rather difficult to answer this question in full generality. We will argue however that no
field redefinition of this type, continuous in the deformation parameter exists.
We will work in the formulation with 32-dimensional fermions ΘI obeying the Majorana
and Weyl conditions, see appendix A.3. We start with considering a generic rotation of
fermions9
ΘI → FIJΘJ , Θ¯I → Θ¯J F¯IJ , F¯IJ = −Γ0F †IJΓ0 , (4.1)
where FIJ are rotation matrices which depend on bosonic fields. We write FIJ as an
expansion over a complete basis in the space of 2× 2-matrices
FIJ ≡ δIJFδ + σIJ1 Fσ1 + IJF + σIJ3 Fσ3 =
3∑
a=0
sIJa Fa ,
F¯IJ = δIJ F¯δ + σIJ1 F¯σ1 + IJ F¯ + σIJ3 F¯σ3 =
3∑
a=0
sIJa F¯a ,
(4.2)
9One could imagine more complicated redefinitions like ΘI → FIJΘJ + GαIJ∂αΘJ , etc. They were not
needed to bring the original Lagrangian to the canonical form and we do not consider them here. These
redefinitions will generate higher derivative terms in the action, whose cancellation would imply further
stringent constraints on their possible form.
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where we have introduced
sIJ0 = δIJ , sIJ1 = σIJ1 , sIJ2 = IJ , sIJ3 = σIJ3 .
Next, the coefficients Fa and F¯a are 32 × 32-matrices and they can be expanded over the
complete basis generated by Γ(r) and identity, see appendix A.3 for the definition and
properties of Γ(r). Further, we require that the transformation FIJ preserves chirality and
the Majorana condition. Conservation of chirality implies that the Γ-matrices appearing
in the expansion of FIJ must commute with Γ11, i.e. the expansion involves Γ(r) of even
rank only
Fa = fa I32 +
1
2f
mn
a Γmn +
1
24f
klmn
a Γklmn ,
F¯a = f¯a I32 +
1
2 f¯
mn
a Γmn +
1
24 f¯
klmn
a Γklmn .
(4.3)
In this expansion there are no matrices of higher rank, because those by virtue of duality
relations are re-expressed via matrices of lower rank. The Majorana condition imposes the
requirement
Γ0F †IJΓ0 = CF tIJC (4.4)
which implies that the coefficients f are real. Coefficients of F¯a are then given by
f¯a = fa , f¯mna = −fmna , f¯klmna = fklmna . (4.5)
Thus, the total number of degrees of freedom in the rotation matrix is
4 ·
(
1 + 10 · 92 +
10 · 9 · 8 · 7
4!
)
= 210 = (16 + 16)2 ,
which is precisely the dimension of GL(32,R). This correctly reflects the freedom to perform
general linear transformations on 32 real fermions of type IIB.
Under these rotations the kinetic part of the fermionic Lagrangian transforms into
(γαβδIJ + αβσIJ3 )Θ¯I e˜mα Γm∂βΘI → (4.6)
→ (γαβδIJ + αβσIJ3 )
(
Θ¯K F¯IK e˜mα ΓmFJL ∂βΘL + Θ¯K F¯IK e˜mα Γm(∂βFJL)ΘL
)
.
The requirement that under rotations the kinetic part remains unchanged can be formulated
as the following conditions on FIJ :
δIJ F¯IK ΓmFJL = δKLΓm + removable terms ,
σIJ3 F¯IK ΓmFJL = σKL3 Γm + removable terms ,
(4.7)
where “removable terms” means terms which can be removed by shifting bosons in the
bosonic action by fermion bilinears. The equations (4.7) should hold on chiral fermions,
that is as sandwiched between two chirality projectors. To make the discussion simple, we
will not indicate these projectors explicitly till the very end. In the following it is enough
to analyse the first equation in (4.7) and, thus, we are led to understand the structure of
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F¯IK ΓmFIL, which in general has an expansion over a basis of odd rank Γ(r). The strategy
is to determine first the structure of removable terms. To this end we need to study the
properties of fermion bilinears.
Suppose that sJI = s sIJ , with s = ±1. Now we take two sets of Majorana-Weyl
fermions, that we call ΘA and ΘB in order to distinguish them. We consider odd rank
Γ-matrices (not to get vanishing expressions)
sIJ Θ¯A,IΓ(r)ΘB,J = sIJ ΘA,Iα˙(CΓ(r))α˙β˙ΘB,Jβ˙ = −sIJ ΘB,Jβ˙(CΓ(r))α˙β˙ΘA,Iα˙
= − sIJ Θ¯B,J C(CΓ(r))tΘA,I = s · tΓr sIJ Θ¯B,IΓ(r)ΘA,J ,
(4.8)
see appendix A.3 for the definition of the numbers tΓr . The kinetic term for bosons under
the shift, which can be schematically represented as
XM → XM + wM,a(r) sIJa Θ¯IΓ(r)ΘJ , (4.9)
will generate the fermionic terms containing the terms
sIJa ∂α(Θ¯IΓ(r)ΘJ) = sIJa ∂αΘ¯IΓ(r)ΘJ + sIJa Θ¯IΓ(r)∂αΘJ (4.10)
Clearly, for this expression to fit the structure of the fermionic kinetic term, the two terms
in the right hand side of (4.10) must be equal. Identifying ∂αΘ with ΘA and Θ with ΘB
in eq.(4.8) shows that removable structures in the fermionic action are those for which
s · tΓr = +1. Indeed, the structures with s · tGr = −1 entering in the shift (4.9) simply vanish
because of the same equation (4.8) considered for A = B. Using the results of appendix
A.3 one can determine s · tΓr for various r and s and the corresponding values are collected
in Table 1.
r = 1 r = 3 r = 5
s = +1 −1 +1 −1
s = −1 +1 −1 +1
Table 1: Values of s · tGr for different r and s.
According to this table, the condition that the kinetic term is invariant up to the terms
removable by a shift of bosons can be now written as
F¯IKΓmFIL =δKLΓm + KL [(h)nmΓn + (h)npqrsm Γnpqrs]
+ [δKL(hδ)npqm + σ1KL(hσ1)npqm + σ3KL(hσ3)npqm ] Γnpq .
(4.11)
Here h-tensors are arbitrary coefficients which parametrise the structures which can be
removed from the action by shifting bosons. Obviously, putting a generic F satisfying the
Majorana-Weyl conditions in the left hand side of (4.11), one would expect an appearance
on the right hand side of all these h-tensors. But do they actually appear? As we show in
a moment the answer is negative.
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Combining equations (4.1) and (4.4), we get
CF¯ tIJC = −FIJ , and CF tIJC = −F¯IJ . (4.12)
Now collect all terms on the right hand side of (4.11) that are removable by shifting bosons
into a tensor MKL,m. This tensor has the following symmetry property10
C (MKL,m)t C = −MLK,m . (4.13)
Note that the tensor in the canonical kinetic term has exactly the opposite symmetry
property
C(δKLΓtm)C = δLKΓm . (4.14)
Putting this information together, let us consider (4.11) written as
F¯IKΓmFIL = δKLΓm +MKL,m . (4.15)
We take transposition and we multiply by C from the left and from the right
C
(
F¯IKΓmFIL
)t C = δKLC (Γm)t C + C (MKL,m)t C (4.16)
and further manipulate as
C (FIL)t C · C (Γm)t C · C
(
F¯IK
)t C = δKLC (Γm)t C + C (MKL,m)t C . (4.17)
With the help of eqs.(4.12) , (4.13) and (4.14) and relabelling the indices K and L, we get
F¯IKΓmFIL = δKLΓm −MKL,m , (4.18)
which shows that MKL,m = 0, that is this structure cannot appear because it is incompat-
ible with the symmetry properties of the rotated kinetic term. It is clear that the same
considerations are also applied to the second equation in (4.7), where σIJ3 replaces δIJ .
Thus, to keep the kinetic term invariant, the rotation matrix F must satisfy the following
system of equations11
δIJ F¯IK ΓmFJL = δKLΓm ,
σIJ3 F¯IK ΓmFJL = σKL3 Γm ,
(4.19)
We have also learned that we cannot shift bosons anymore, any shift would spoil the kinetic
term in a way that cannot be fixed by rotations. In order not to deal with indices of the
2× 2 space, we can introduce 64× 64-matrices
U ≡
3∑
a=0
sa ⊗ Fa , U¯ ≡
3∑
a=0
sta ⊗ F¯a = −
3∑
a=0
sta ⊗ CF taC , (4.20)
10Notice that to exhibit this symmetry property, one has to transpose also the indices K,L, on top of
transposition in the 32× 32 space.
11Would not be there indices I, J , we would immediately conclude that the first equation in (4.19) has
only a trivial solution F = 1, because Γm form an irreducible representation of the Clifford algebra.
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which allow us to rewrite the equations above in the form
Π−
(
U¯ (12 ⊗ Γm)U − 12 ⊗ Γm
)
Π+ = 0 ,
Π−
(
U¯ (σ3 ⊗ Γm)U − σ3 ⊗ Γm
)
Π+ = 0 .
(4.21)
Here we reinstated the two chirality projectors Π± = 12 ⊗ 12(132 ± Γ11).
Finally, we assume that U is a smooth function of η:
U = 164 + ηu+O(η2) . (4.22)
At first order in η we get a system of linear equations for u:
Π−
(
u¯ (12 ⊗ Γm) + (12 ⊗ Γm)u
)
Π+ = 0 ,
Π−
(
u¯ (σ3 ⊗ Γm) + (σ3 ⊗ Γm)u
)
Π+ = 0 .
(4.23)
This system appears to have no solution which acts non-trivially on chiral fermions. Thus,
non-trivial field redefinitions of the type we considered here do not exists. Whether equation
(4.21) has solutions which do not depend on η is unclear to us. Finally, let us mention that
similar considerations of field redefinitions can be done for κ-symmetry transformations
with the same conclusion.
5 T-matrix and factorisation
To find the Lagrangian quadratic in fermions we used a coset element of the form
g = Λ(t, φ) · gx · gf , (5.1)
where gx depends on the transverse bosons and gf on the fermions. With this particular
choice fermions are uncharged under bosonic isometries. On the other hand to impose
a uniform l.c. gauge, one uses a coset element of the form g = Λ(t, φ) · gf′ · gx. In the
undeformed case this guarantees that the κ-gauge-fixed bosons and fermions transform in
a bi-fundamental irreducible representation of the centrally-extended psu(2|2) ⊕ psu(2|2)
which is the symmetry algebra of the l.c. AdS5×S5 Lagrangian, and this also allows one to
develop a perturbative expansion of the l.c. Lagrangian in inverse powers of string tension.
It is clear that the two fermionic group elements are related as follows
gf = g−1x gf′gx . (5.2)
This redefinition of the fermionic group element is obviously equivalent to the corresponding
redefinition of the fermionic coordinates
χ = g−1x χ′gx (5.3)
The new version for the coset representative g has the same form as the one used in the
review [33] to construct the l.c. Lagrangian and develop the perturbative expansion, but it
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is not exactly the same choice. The reason is that the bosonic coset element gb used here
and the one of the review gbF differ by the action of a local Lorentz transformation h
gb = gbF · h. (5.4)
In the limit κ → 0 one does not get the same Lagrangian as in [33]. The Lagrangians are
related by a nontrivial redefinition of bosons. This however does not change the physical
quantities, and in particular both Lagrangians would give the same T-matrix.
5.1 T-matrix
Here we list the action of the T-matrix on two-particle states in the uniform a = 1/2 light-
cone gauge. Since we do not know the quartic fermionic Lagrangian the terms quadratic
in fermions are missed in the scattering processes Fermion-Fermion → Boson-Boson +
Fermion-Fermion. However if the T-matrix factorises then the missing matrix elements
are fixed unambiguously. The derivation of the l.c. Hamiltonian and its quantisation is
sketched in Appendix C. We follow the same notations and conventions as in [33]
a†aa˙(p)→ Yaa˙ , a†aa˙(p′)→ Y ′aa˙ , a†αα˙(p)→ Zαα˙ , a†αα˙(p′)→ Z ′αα˙ ,
a†αa˙(p)→ ηαa˙ , a†αa˙(p′)→ η′αa˙ , a†aα˙(p)→ θaα˙ , a†aα˙(p′)→ θ′aα˙ ,
so that we have, in particular
|Yaa˙η′βb˙〉 ≡ |a
†
aa˙(p)a
†
βb˙
(p′)〉 , |θaα˙Z ′ββ˙〉 ≡ |a
†
aα˙(p)a
†
ββ˙
(p′)〉 .
Then we introduce the rapidity θ related to the momentum p and energy ω as follows
p = sinh θ , ω =
√
1 + κ2 cosh θ .
Boson-Boson −→ Boson-Boson + Fermion-Fermion
T · |Yaa˙Y ′bb˙〉 = 2A |Yaa˙Y ′bb˙〉+ (B +Wa˙b˙) |Yab˙Y ′ba˙〉+ (B +Wab) |Yba˙Y ′ab˙〉
+ Ca˙b˙
α˙β˙ |θaα˙θ′bβ˙〉+ Cabαβ |ηαa˙η′βb˙〉
T · |Zαα˙Z ′ββ˙〉 = − 2A |Zαα˙Z ′ββ˙〉+ (−B +Wα˙β˙) |Zαβ˙Z ′βα˙〉+ (−B +Wαβ) |Zβα˙Z ′αβ˙〉
− Cα˙β˙a˙b˙ |ηαa˙η′βb˙〉 − Cαβab |θaα˙θ′bβ˙〉
T · |Yaa˙Z ′αα˙〉 = 2G |Yaa˙Z ′αα˙〉+H |ηαa˙θ′aα˙〉 −H |θaα˙η′αa˙〉
T · |Zαα˙Y ′aa˙〉 = − 2G |Zαα˙Y ′aa˙〉+H |ηαa˙θ′aα˙〉 −H |θaα˙η′αa˙〉
Fermion-Fermion −→ Boson-Boson
T · |θaα˙θ′bβ˙〉 = Cα˙β˙a˙b˙ |Yaa˙Y ′bb˙〉 − Cabαβ |Zαα˙Z ′ββ˙〉
T · |ηαa˙η′βb˙〉 = − Ca˙b˙α˙β˙ |Zαα˙Z ′ββ˙〉+ Cαβab |Yaa˙Y ′bb˙〉
T · |θaα˙η′βb˙〉 = −H |Yab˙Z ′βα˙〉 −H |Zβα˙Y ′ab˙〉
T · |ηαa˙θ′bβ˙〉 = H |Zαβ˙Y ′ba˙〉+H |Yba˙Z ′αβ˙〉
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Boson-Fermion −→ Boson-Fermion
T · |Yaa˙θ′bβ˙〉 = (A+G) |Yaa˙θ′bβ˙〉+ (B −Wab) |Yba˙θ′aβ˙〉
+H |θaβ˙Y ′ba˙〉+ Cabαβ |ηαa˙Z ′ββ˙〉
T · |Yaa˙η′βb˙〉 = (A+G) |Yaa˙η′βb˙〉+ (B −Wa˙b˙) |Yab˙η′βa˙〉
+H |ηβa˙Y ′ab˙〉 − Ca˙b˙α˙β˙ |θaα˙Z ′ββ˙〉
T · |θaα˙Y ′bb˙〉 = (A−G) |θaα˙Y ′bb˙〉+ (B −Wab) |θbα˙Y ′ab˙〉
+H |Yab˙θ′bα˙〉 − Cabαβ |Zαα˙η′βb˙〉
T · |ηαa˙Y ′bb˙〉 = (A−G) |ηαa˙Y ′bb˙〉+ (B −Wa˙b˙) |ηαb˙Y ′ba˙〉
+H |Yba˙η′αb˙〉+ Ca˙b˙α˙β˙ |Zαα˙θ′bβ˙〉
T · |Zαα˙θ′bβ˙〉 = − (A+G) |Zαα˙θ′bβ˙〉 − (B +Wα˙β˙) |Zαβ˙θ′bα˙〉
−H |θbα˙Z ′αβ˙〉+ Cα˙β˙a˙b˙ |ηαa˙Y ′bb˙〉
T · |Zαα˙η′βb˙〉 = − (A+G) |Zαα˙η′βb˙〉 − (B +Wαβ) |Zβα˙η′αb˙〉
−H |ηαb˙Z ′βα˙〉 − Cαβab |θaα˙Y ′bb˙〉
T · |θaα˙Z ′ββ˙〉 = − (A−G) |θaα˙Z ′ββ˙〉 − (B +Wα˙β˙) |θaβ˙Z ′βα˙〉
−H |Zβα˙θ′aβ˙〉 − Cα˙β˙a˙b˙ |Yaa˙η′βb˙〉
T · |ηαa˙Z ′ββ˙〉 = − (A−G) |ηαa˙Z ′ββ˙〉 − (B +Wαβ) |ηβa˙Z ′αβ˙〉
−H |Zαβ˙η′βa˙〉+ Cαβab |Yaa˙θ′bβ˙〉
Here the coefficients are defined as follows12
A(p, p′) = 14
(p− p′)2 + ν2(ω − ω′)2
pω′ − p′ω ,
B(p, p′) = pp
′ + ν2ωω′
pω′ − p′ω ,
D(p, p′) = −14
(p− p′)2 + ν2(ω − ω′)2
pω′ − p′ω ,
G(p, p′) = −14
ω2 − ω′2
pω′ − p′ω ,
W (p, p′) = iν ,
C(p, p′) = −(1 + κ2)pp′
√
1 + ν
2
p2
√
1 + ν
2
p′2
sinh θ−θ′2
pω′ − p′ω ,
H(p, p′) = (1 + κ2)pp′
√
1 + ν
2
p2
√
1 + ν
2
p′2
cosh θ−θ′2
pω′ − p′ω .
(5.5)
12Note that the coefficients C(p, p′) and H(p, p′) differ by sign from the ones in [9] if the signs of p and
p′ are opposite.
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5.2 Factorisation
Let us recall that in the undeformed case, as a consequence of invariance of S with respect
to two copies of the centrally extended superalgebra psu(2|2), there is a basis of two-particle
states such that the T-matrix elements with respect to this basis admit a factorisation
TPP˙ ,QQ˙
MM˙,NN˙
= (−1)M˙ (N+Q)T PQMNδP˙M˙δ
Q˙
N˙
+ (−1)Q(M˙+P˙ )δPMδQNT P˙ Q˙M˙N˙ . (5.6)
Here M = (a, α) and M˙ = (a˙, α˙), and dotted and undotted indices are referred to two
copies of psu(2|2), respectively, while M and M˙ describe statistics of the corresponding
indices, i.e. they are zero for bosonic (Latin) indices and equal to one for fermionic (Greek)
ones. The factor T can be regarded as 16× 16 matrix.
As was shown in [4], in the deformed model the bosonic T-matrix elements Boson-
Boson → Boson-Boson enjoy the same type of factorisation. It is not difficult to see that
the T-matrix elements Boson-Boson → Boson-Boson + Fermion-Fermion, and Fermion-
Fermion→ Boson-Boson also admit the same factorisation. In fact these T-matrix elements
determine all the coefficients (5.5), and the elements of the T -matrix
T cdab = Aδcaδdb + (B +W ab)δdaδcb ,
T γδαβ = −Aδγαδδβ + (−B +W αβ)δδαδγβ ,
T cδaβ = Gδcaδδβ , T γdαb = −Gδγαδdb ,
T γδab = C abγδ , T cdαβ = C αβcd ,
T γdaβ = H δdaδδβ , T cδαb = H δδαδcb .
(5.7)
It is straightforward to check that this T -matrix coincides with the first nontrivial term in
the large g expansion of the properly normalised q-deformed psuq(2|2) invariant S-matrix,
i.e. with the corresponding classical r-matrix.
Despite this promising agreement, the full T-matrix does not factorise. Indeed, by
using (5.7), it is not difficult to see that the scattering elements Boson-Fermion → Boson-
Fermion listed in the previous subsection cannot be written in the same factorised form
because they have wrong signs in front of W . One can also check that there is no unitary
transformation of the basis of one-particle states which would restore the factorisability.
Nevertheless, there exists a change of the basis of 2-particle states which brings these T-
matrix elements to the factorised form.13 Let us consider a 2-particle state made of one
boson and one fermion. In any such a state there is exactly one pair of indices of the same
type, e.g. (a, b) or (α˙, β˙), for example
|Yab˙θbα˙〉 (5.8)
has the pair (a, b). For any such a state we perform the transformation which exchanges the
indices 1↔ 2 or 3↔ 4, or the corresponding dotted indices, and in addition multiplies each
13Obviously, the resulting factorised T satisfies the cYBE, while the original T-matrix does not for some
scattering processes. To be precise, those are the processes which involve Boson-Fermion to Boson-Fermion
transmission amplitudes.
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of these states by i. This changes the sign in front of W , and restores the factorisability.
The existence of this transformation means that the T-matrix can be written in the form
T = U · Tq · U† , U† · U = I , (5.9)
where U is a unitary operator which realises the transformation just described, and Tq is
the T-matrix which factorises in the standard way with the q-deformed T -matrix as its
building block. It is clear that the restriction of the operator onto the space of one- and
two-particle states satisfies the condition U2 = −1. The Hamiltonian Hq which leads in a
natural way to the q-deformed scattering T-matrix is obviously given by
Hq = U† ·H · U. (5.10)
It is easy to construct an operator U which satisfies the necessary properties. For example
the operator U12 which exchanges the indices 1 and 2 of two-particle states (5.8) while
acting trivially on all the other two-particle states is given by
U12 = ei
pi
2 (L
b
1
2+Lb21)(Lf12+Lf21) , (5.11)
where the operators Lbab and Lfab are bosonic and fermionic parts of the su(2) generators
Lab = Lbab + Lfab =
∫
dp
∑
M˙
1
2
(
a†
aM˙
abM˙ − adbc a†cM˙a
dM˙
)
,
Lbab =
∫
dp
∑
c˙
a†ac˙a
bc˙ , Lfab =
∫
dp
∑
γ˙
a†aγ˙a
bγ˙ , a 6= b .
(5.12)
The full operator U is obviously given by the product
U = U12 · U34 · U1˙2˙ · U3˙4˙ . (5.13)
Since the exponential of U is a linear combination of products of integrals, the Hamiltonian
Hq is seemingly highly nonlocal.
We conclude this section by pointing out that while we have found 16 non-vanishing
RR couplings, the quartic Lagrangian we used to compute the T-matrix depends only on
six of them
F014, F123, F569, F678, F01234, F04678 .
Other couplings will apparently contribute beyond the quartic order.
6 Conclusions
The main result of this paper is the calculation of the part of the Lagrangian of the η-
deformed model which is quadratic in fermions and has the full dependence on the bosonic
fields.
We have shown that a field redefinition is necessary to cast the original Lagrangian in
the standard form and that the simplest and natural redefinition leads to RR couplings
which do not satisfy the equations of motion of type IIB supergravity. Moreover, the
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wide class of transformations considered in section 4 does not allow one to change the RR
couplings while keeping the NSNS couplings untouched. We have not however analysed
more involved changes of fields which depend for example on fermions and their derivatives,
or even are nonlocal. One cannot also exclude the existence of a discrete transformation
(maybe of the type considered in section 5?).
Assuming however that this is the final answer for the RR couplings the question is
whether the η-deformed sigma model can be considered as a string theory sigma model. The
usual ways to address this question (the vanishing of conformal anomaly or the modular
invariance of the partition function) are difficult to implement for a κ-symmetric Green-
Schwarz sigma model. A related and more general question is – given a sigma model with
8 bosonic and 8 fermionic physical degrees of freedom how to determine whether it is a
string theory.
The Lagrangian we found can be used to address many interesting questions. Let us
list some of them.
There are many different choices of a light-cone gauge because there are three isometry
directions on the η-deformed sphere. We have shown that the standard choice leads to a
vacuum which does not receive quantum corrections at least at one-loop level. It would be
interesting to see what happens with other simple choices where one chooses the angle φ1
or φ2 as the light-cone gauge space isometry direction.
There are many explicit classical solutions for the η-deformed model, see e.g. [35]-[42],
which reduce to known AdS5×S5 string solutions. It would be interesting to compute one-
loop corrections to the deformed solutions and compare them with the undeformed results.
This may shed some light on the structure of the mysterious dual “field” theory. Since in the
scaling limit discussed in section 3 the η-deformed background reduces to the Maldacena-
Russo background, the dual model should be a deformation of the non-commutative N = 4
SYM.
We have mentioned that in the limit κ →∞ the RR couplings we found do not reduce
to those of the AdS5 × S5 mirror background. It would be interesting to compute and
compare T-matrices for the κ = ∞ background obtained from our Lagrangian, and from
the mirror Lagrangian.
We found that to get a factorisable two-body S-matrix we have to perform the trans-
formation (5.13). It would be interesting to investigate the scattering of 3 particles into 3
particles and find out if the same transformation would bring the three-body S-matrix to
a factorisable form.
In this paper we considered the R-operator corresponding to the standard Dynkin
diagram of psu(2, 2|4). It is believed however that in the undeformed case the so-called
“all-loop” Dynkin diagrams [43] give the only consistent choice for finite λ. It would be
very interesting to investigate the R-operator corresponding to these Dynkin diagrams, and
determine how it influences the Lagrangian and T-matrix.
Let us finally mention that recently the η- and λ-deformations were related by the
Poisson-Lie duality [44–46]. It would be interesting to understand how the Poisson-Lie
duality acts on the background fields, and hopefully use it to rederive from it the RR
couplings we found.
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A Conventions
A.1 Basis of psu(2, 2|4)
Here we introduce a basis of the superalgebra psu(2, 2|4) which we use throughout the
paper, present the commutation relations between the corresponding generators and recall
the Z4-graded decomposition of psu(2, 2|4).
Recall that the superalgebra sl(4|4) is generated by 8× 8 matrices
M =
(
m11 m12
m21 m22
)
, (A.1)
where each mij above is a 4 × 4 block. The matrix M is required to have vanishing
supertrace, defined as strM = trm11 − trm22. The diagonal blocks m11,m22 are even,
while the off-diagonal blocks m12,m21 are odd. The algebra su(2, 2|4) is a real form of
sl(4|4) which is obtained by demanding the following reality condition
M †H +HM = 0 , (A.2)
where the matrix H is
H =
(
Σ 0
0 14
)
, (A.3)
and the diagonal matrix Σ is defined in (A.6). The algebra psu(2, 2|4) is obtained from
su(2, 2|4) by projecting out a one-dimensional centre generated by i18.
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Gamma matrices The bosonic generators of psu(2, 2|4) are constructed with the help
of SO(1, 4) and SO(5) gamma matrices. We introduce the following matrices14
γ0 =

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1
 , γ1 =

0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0
 , γ2 =

0 0 0 i
0 0 i 0
0 −i 0 0
−i 0 0 0
 ,
γ3 =

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
 , γ4 =

0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0
 .
(A.4)
These matrices are hermitian and satisfy the SO(5) Clifford algebra {γm, γn} = 2δmn.
To describe embeddings of the anti-de Sitter space and the five-sphere into the group
PSU(2, 2|4), we introduce the matrices γˇm and γˆm
AdS5 : γˇ0 = iγ0, γˇm = γm, m = 1, · · · , 4,
S5 : γˆm+5 = −γm, m = 0, · · · , 4.
(A.5)
We have chosen to enumerate the gamma matrices for AdS5 from 0 to 4 and the ones for
S5 from 5 to 9 to adopt a smooth transition to the 10-dimensional notation. The matrices
γˇm and γˆm realise representations of the Clifford algebras SO(4, 1) and SO(5), respectively.
We denote their matrix elements as (γˇm)αβ and (γˆm)ab, where Greek and Latin indices are
associated with AdS5 and S5, respectively.
Further, we introduce the matrices Σ,K,C
Σ =

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1
 , K =

0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0
 , C =

0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0
 . (A.6)
The matrix elements of these matrices are assumed to carry upper indices Σab,Kab, Cab,
while the matrix elements of their inverses are defined with lower indices. The matrices
Σ,K,C generate the following automorphisms of the Clifford algebra
γtm = KγmK−1, (A.7)
γtm = −CγmC−1, m = 1, ..., 4, γt0 = Cγ0C−1,
γ†m = −ΣγmΣ−1, m = 1, ..., 4, γ†0 = Σγ0Σ−1.
(A.8)
It follows from the last line that γˇ†m = −ΣγˇmΣ−1, m = 0, ..., 4. Note that if we keep the
same notations as in [33], it is the matrix K, not C, which plays the role of the charge
conjugation matrix.
14We find it useful to exchange the definition of γ1, γ4 in comparison to the one of [33].
– 27 –
Even generators The bosonic subalgebra of psu(2, 2|4) is su(2, 2)⊕ su(4). We spilt the
generators of su(2, 2) as (Pˇm, Jˇmn) with m,n = 0, . . . , 4. Here Jˇmn generate the subalgebra
so(1, 4) ⊂ su(2, 2). Analogously, the generators of su(4) are (Pˆm, Jˆmn) with m,n = 5, . . . , 9,
and Jˆmn generate so(5) ⊂ su(4). Explicitly we choose
Pˇm =
(
−12 γˇm 04
04 04
)
, Jˇmn =
(
1
2 γˇmn 04
04 04
)
, m, n = 0, . . . 4 , (A.9)
Pˆm =
(
04 04
04 i2 γˆm
)
, Jˆmn =
(
04 04
04 12 γˆmn
)
, m, n = 5, . . . , 9 . (A.10)
Here we defined γˇmn ≡ 12 [γˇm, γˇn] and γˆmn ≡ 12 [γˆm, γˆn].
Odd generators The 32 odd generators of psu(2, 2|4) will be represented by QI αa where
I = 1, 2 and two spinor indices run α, a = 1, 2, 3, 4 correspond to fundamental representa-
tions of su(2, 2) and su(4), respectively. Explicitly we choose
QI αa = e+ipi/4
 04 m αI a
K
(
m
α
I a
)†
K 04
 , (A.11)
where 4× 4 matrices m αI a are(
m
α
1 a
)
j
k
= e+ipi/4+iφQ δαj δka ,
(
m
α
2 a
)
j
k
= −e−ipi/4+iφQ δαj δka . (A.12)
and K is defined in (A.6). The phase φQ reflects the U(1) external automorphism of
su(2, 2|4), and we set φQ = 0. The supermatrices Q do not satisfy the reality condition
(A.2) but rather
Q†(iH) +HQ = 0 , H ≡
(
K 0
0 K
)
. (A.13)
These matrices can be however related to supermatrices Q satisfying (A.2) as
Q = e+ipi/4
(
C 0
0 K
)
Q, Q = −e−ipi/4
(
C 0
0 K
)
Q . (A.14)
If we would take the linear combinations ofQ’s with Grassmann variables ϑ and require that
ϑ
a
I αQI αa is in su(2, 2|4), then we would have real fermions ϑ aI α, which is one of the possible
realisations of the Majorana condition. Instead, in this paper we choose to construct the
Grassmann envelope as θ aI αQ
I α
a . Requiring
(θ aI αQI αa )† = −H(θ aI αQI αa )H−1
implies that
θ† αI a = −i θ bI ν CναKba . (A.15)
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Defining the barred version of a fermion we then obtain the following realisation of the
Majorana condition
θ¯
α
I a ≡ θ†
ν
I a(γˇ0)ν
α = −θ bI ν KναKba. (A.16)
Throughout the paper we are using fermions θI αa with both spinor indices lowered and
θ¯
αa
I with both spinor indices raised,15 so the above equation reads as
θ¯
αa
I = + θI νb K
ναKba, (A.17)
matching the conventions of [26]. In the matrix conventions this equation reads as
θ¯I = θ†Iγ
0 = +θtI (K ⊗K) , (A.18)
where γ0 ≡ γˇ0 ⊗ 14, and hermitian conjugation and transposition are implemented on the
space spanned by the spinor indices, where the matrices γ0 and K ⊗K are acting.
Commutation relations In our basis the commutation relations involving the bosonic
elements only read as
[Pˇm, Pˇn] = Jˇmn, [Pˆm, Pˆn] = −Jˆmn,
[Pˇm, Jˇnp] = ηmnPˇp − n↔p, [Pˆm, Jˆnp] = ηmnPˆp − n↔p,
[Jˇmn, Jˇpq] = (ηnpJˇmq − m↔n)− p↔q [Jˆmn, Jˆpq] = (ηnpJˆmq − m↔n)− p↔q,
(A.19)
where
ηmn = diag(−1, 1, 1, 1, 1, 1, 1, 1, 1, 1) . (A.20)
Generators from two different subalgebras commute with each other. The commutators
between odd and even elements with explicit spinor indices read as
[QI αa, Pˇm] = − i2
IJ QJ νa (γˇm)να, [QI αa, Pˆm] =
1
2
IJ QJ αb (γˆm)ba,
[QI αa, Jˇmn] = −12δ
IJ QJ νa (γˇmn)να, [QI αa, Jˆmn] = −12δ
IJ QJ αb (γˆmn)ba.
(A.21)
The anti-commutator of two supercharges gives
{QI αa,QJ νb} = δIJ
(
iKαλKab (γˇm)λν Pˇm − Kαν Kac(γˆm)cb Pˆm − i2K
ανKab18
)
− 12
IJ
(
KαλKab (γˇmn)λν Jˇmn − Kαν Kac(γˆmn)cb Jˆmn
)
, (A.22)
where the indices m,n are raised with the metric ηmn. For completeness we also keep the
term proportional to the identity, since the supermatrices provide a realisation of su(2, 2|4).
To obtain psu(2, 2|4) one just needs to drop the term proportional to i18 in the r.h.s. of
the anti-commutator.
15The rules for raising and lowering spinor indices are given in appendix A.2, see eq.(A.35).
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It is convenient to rewrite the commutation relations for the Grassmann enveloping al-
gebra. In this way we may suppress the spinor indices to obtain more compact expressions.
We define QIθI ≡ QI αaθI αa and introduce the 16× 16 matrices
γm ≡ γˇm ⊗ 14, m = 0, · · · , 4, γm ≡ 14 ⊗ iγˆm, m = 5, · · · , 9,
γmn ≡ γˇmn ⊗ 14, m, n = 0, · · · , 4, γmn ≡ 14 ⊗ γˆmn, m, n = 5, · · · , 9.
(A.23)
The first space in the tensor product is spanned by the AdS spinor indices, the second by
the sphere spinor indices. To understand the 10-dimensional origin of these objects see
appendix A.3. In the context of type IIB, one loosely refers to γm as gamma matrices
even though they do not satisfy the Clifford algebra. With the above definitions, the
commutation relations of su(2, 2|4) involving odd generators are16
[QIθI ,Pm] = − i2
IJQJγmθI , [QIθI ,Jmn] = −
1
2δ
IJQJγmnθI , (A.24)
[QIλI ,QJψJ ] = i δIJ λ¯IγmψJ Pm − 12
IJ λ¯I(γmnJˇmn − γmnJˆmn)ψJ − i2δ
IJ λ¯IψJ18.
(A.25)
Here we also used the Majorana condition to rewrite the result in terms of the fermions λ¯I .
Supertraces In the computation for the Lagrangian we will need to take the supertrace
of products of two generators of the algebra. For the non-vanishing ones we find
str[PmPn] = ηmn,
str[JˇmnJˇpq] = −(ηmpηnq − ηmqηnp),
str[JˆmnJˆpq] = +(ηmpηnq − ηmqηnp),
str[QI αaQJ νb] = −2IJKανKab .
(A.26)
The last formula for the supertrace of two elements from the Grassmann envelope reads as
str[QIλI QJψJ ] = −2IJ λ¯IψJ = −2JI ψ¯JλI . (A.27)
Z4-decomposition The su(2, 2|4) algebra admits a Z4-graded decomposition. Introduc-
ing the following automorphism Ω of sl(4|4), see e.g. [33],
Ω(M) = −KM stK−1, (A.28)
with K = diag(K,K) and st denoting the supertranspose
M st ≡
(
mt11 −mt21
mt12 m
t
22
)
, (A.29)
the real form G = psu(2, 2|4) can be decomposed with respect to Ω into a direct sum of
four graded vector subspaces
G = G (0) ⊕ G (1) ⊕ G (2) ⊕ G (3) , G (k) = {M ∈ G , Ω(M) = ikM} . (A.30)
16For commutators of two odd elements we need to multiply by two different fermions λI , ψI , otherwise
the right hand side vanishes.
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The bosonic generators J and P have degree 0 and 2, respectively,
Ω(J) = +J , Ω(P) = −P . (A.31)
In our basis the action of Ω on odd generators is also very simple
Ω(QI αa) = (−1)I+1iQI αa , (A.32)
meaning that odd elements with I = 1 and I = 2 have degree 1 and 3, respectively. We
introduce projectors P (k) on each subspace, whose action is
P (k)(M) = 14
(
M + i3kΩ(M) + i2kΩ2(M) + ikΩ3(M)
)
. (A.33)
Then P (0) will project on generators J, P (2) on generators P, and P (1), P (3) on odd elements
with labels I = 1, 2
P (1)(QI αa) = 12(δ
IJ + σIJ3 )QJ αa, P (3)(QI αa) =
1
2(δ
IJ − σIJ3 )QJ αa. (A.34)
The definition of the AdS5 × S5 coset implies that the generators J of degree zero which
span the so(4, 1)⊕ so(5) subalgebra are projected out.
A.2 Spinor rules
For raising and lowering spinor indices we adopt the conventions of [47]
λα = Kαβλβ, λα = λβKβα, (A.35)
where Kαβ are the components of the matrix K, that plays the role of charge conjugation
matrix. We also have
KαβKγβ = δαγ , KβαKβγ = δγα, χαλα = −χαλα. (A.36)
The five-dimensional gamma matrices have the following symmetry properties
(Kγ(r))t = −tγr Kγ(r) ,
K(γ(r))tK = −tγr γ(r) , tγ0 = tγ1 = +1, tγ2 = tγ3 = −1 .
(A.37)
Here γ(r) denotes the antisymmetrised product of r gamma matrices and the coefficients.
The coefficients tγr are the same for both γˇ(r) and γˆ(r), and we label them with the su-
perscript γ to distinguish from the corresponding coefficients of 10-dimensional gamma
matrices. For the rules concerning hermitian conjugation we find
γˇ†m = +γˇ0γˇmγˇ0 , γˆ†m = +γˆm ,
γˇ†mn = +γˇ0γˇmnγˇ0 , γˆ†mn = −γˆmn ,
(A.38)
With these rules we can derive the following useful formulae for dealing with Dirac conju-
gate spinors
((γˇm ⊗ 14)θI)†(γˇ0 ⊗ 14) = −θ¯I(γˇm ⊗ 14), ((14 ⊗ γˆm)θI)†(γˇ0 ⊗ 14) = +θ¯I(14 ⊗ γˆm),
((γˇmn ⊗ 14)θI)†(γˇ0 ⊗ 14) = −θ¯I(γˇmn ⊗ 14), ((14 ⊗ γˆmn)θI)†(γˇ0 ⊗ 14) = −θ¯I(14 ⊗ γˆmn).
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Thanks to (A.37) one can also show that given two Grassmann bi-spinors ψαa, χαa the
“Majorana-flip” relations are
χ¯
(
γˇ(r) ⊗ γˆ(s)
)
ψ = −tγr tγs ψ¯
(
γˇ(r) ⊗ γˆ(s)
)
χ. (A.39)
With this formula at hand, it is easy to prove that
sIJ θ¯I
(
γˇ(r) ⊗ γˆ(s)
)
θJ = 0 if
{
sIJ = +sJI and tγr tγs = +1
sIJ = −sJI and tγr tγs = −1
. (A.40)
Finally, up to a total derivative the following relations hold
ψ¯Dλ = λ¯Dψ, ψ¯IDIJλJ = λ¯JDJIψI . (A.41)
A.3 10-dimensional Γ-matrices
We use the 4× 4 gamma matrices γˇ, γˆ to define the 32× 32 gamma matrices Γm:
Γm = σ1 ⊗ γˇm ⊗ 14, m = 0, · · · , 4, Γm = σ2 ⊗ 14 ⊗ γˆm, m = 5, · · · , 9, (A.42)
that satisfy {Γm,Γn} = 2ηmn. We also define Γ11 ≡ Γ0 · · ·Γ9 = σ3 ⊗ 14 ⊗ 14. Anti-
symmetrised products of gamma matrices are Γm1···mr = 1r!Γ[m1 · · ·Γmr]. The charge con-
jugation matrix is defined as C ≡ i σ2⊗K⊗K, and C2 = −132. In the chosen representation
the matrices Γ(r) have the symmetry properties
(CΓ(r))t = −tΓr CΓ(r),
C(Γ(r))tC = −tΓr Γ(r), tΓ0 = tΓ3 = +1, tΓ1 = tΓ2 = −1.
(A.43)
For hermitian conjugation we find
Γ0(Γ(r))†Γ0 =
{
+Γ(r), r = 1, 2 mod 4,
−Γ(r), r = 0, 3 mod 4. (A.44)
Given two 4-component spinors ψˇ, ψˆ transforming in the fundamental representations of
su(2, 2) and su(4) respectively, a 32-component spinor is constructed as
Ψ+ =
(
1
0
)
⊗ ψˇ ⊗ ψˆ, Ψ− =
(
0
1
)
⊗ ψˇ ⊗ ψˆ, (A.45)
for the case of positive and negative chirality respectively. In the main text we use 16-
component fermions with two spinor indices θαa, and we construct a 32-component Majo-
rana fermion of positive chirality as
Θ =
(
1
0
)
⊗ θ, Θ¯ = ΘtC = ( 0 , 1 )⊗ θ¯. (A.46)
In (A.23) we have defined the 16× 16-matrices γm. Now we see that
Θ¯1ΓmΘ2 ≡ θ¯1γmθ2 =⇒
{
γm = γˇm ⊗ 14, m = 0, · · · 4,
γm = 14 ⊗ iγˆm, m = 5, · · · 9,
(A.47)
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The above formulae explain the reason for the factor of i in the definition of γm for the
sphere. In the same way we can explain why there is a + sign and not − in the definition
of γmn for the sphere, computing17
Θ¯1ΓpΓmnΘ2 ≡ θ¯1γpγmnθ2 =⇒

γmn = γˇmn ⊗ 14, m, n = 0, · · · 4,
γmn = 14 ⊗ γˆmn, m, n = 5, · · · 9,
γmn = −γˇm ⊗ iγˆn, m = 0, · · · 4, n = 5, · · · 9.
(A.48)
Similarly, for matrices of rank 3 we would obtain
Θ¯1ΓmnpΘ2 ≡ θ¯1γmnpθ2 =⇒

γmnp = γˇmnp ⊗ 14, m, n, p = 0, · · · 4,
γmnp = 14 ⊗ iγˆmnp, m, n, p = 5, · · · 9,
γmnp = 13 γˇmn ⊗ iγˆp, m, n = 0, · · · 4, p = 5, · · · 9,
γmnp = 13 γˇp ⊗ γˆmn, p = 0, · · · 4, m, n = 5, · · · 9.
(A.49)
A.4 Vielbein and spin connection for AdS5 × S5 and (AdS5 × S5)η
Here we list the components of the vielbein and spin connection for AdS5 × S5 . In our
parameterisation (2.7) the vielbein em = emMdXM is diagonal and given by18
e0t =
√
1 + ρ2, e1ψ2 = −ρ sin ζ, e2ψ1 = −ρ cos ζ, e3ζ = −ρ, e4ρ = −
1√
1 + ρ2
,
e5φ =
√
1− r2, e6φ2 = −r sin ξ, e7φ1 = −r cos ξ, e8ξ = −r, e9r = −
1√
1− r2 .
(A.50)
The non-vanishing components of the spin connection ωmn = ωmnM dXM are
ω04t = ρ, ω34ζ = −
√
1 + ρ2, ω24ψ1 = −
√
1 + ρ2 cos ζ ,
ω13ψ2 = − cos ζ, ω14ψ2 = −
√
1 + ρ2 sin ζ, ω23ψ1 = sin ζ,
ω59φ = −r, ω89ξ = −
√
1− r2, ω79φ1 = −
√
1− r2 cos ξ ,
ω68φ2 = − cos ξ, ω69φ2 = −
√
1− r2 sin ξ, ω78φ1 = sin ξ,
(A.51)
and it can be checked that ωmnM satisfies an equation
ωmnM = −eN [m
(
∂Me
n]
N − ∂Nen]M + en]P epM∂P eNp
)
, (A.52)
where anti-symmetrisation of indices m and n is performed with the weight 1/2.
17Considering even rank Γ-matrices we need to also insert an odd rank Γ-matrix to have a non-vanishing
result for Θ1,2 of the same chirality.
18To avoid confusion with tangent indices, we write curved indices with the explicit names of the target-
space coordinates.
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For the (AdS5 × S5)η background we will use the following diagonal vielbein
e˜0t =
√
1 + ρ2√
1− κ2ρ2 , e˜
1
ψ2 = −ρ sin ζ, e˜2ψ1 = −
ρ cos ζ√
1 + κ2ρ4 sin2 ζ
,
e˜3ζ = −
ρ√
1 + κ2ρ4 sin2 ζ
, e˜4ρ = −
1√
1 + ρ2
√
1− κ2ρ2 ,
e˜5φ =
√
1− r2√
1 + κ2r2
, e˜6φ2 = −r sin ξ, e˜7φ1 = −
r cos ξ√
1 + κ2r4 sin2 ξ
,
e˜8ξ = −
r√
1 + κ2r4 sin2 ξ
, e˜9r = −
1√
1− r2√1 + κ2r2 .
(A.53)
Finally, the deformed spin connection compatible with the η-deformed metric is found from
the equation
ω˜mnM = −e˜N [m
(
∂M e˜
n]
N − ∂N e˜n]M + e˜n]P e˜pM∂P e˜Np
)
, (A.54)
where tangent indices m,n are raised and lowered with the Minkowski metric ηmn, while
curved indices M,N with the deformed metric G˜MN .
B Derivation of the fermionic Lagrangian and κ-symmetry
B.1 Construction of the inverse of O
In this appendix we construct an operator O−1 to several orders in fermions. The pertur-
bative expansion (2.18) starts from the operator O(0) = 1− ηRgb ◦ d, i.e. we first need to
know the action of Rgb on the superalgebra psu(2, 2|4).
Action of O on psu(2, 2|4) The action of Rgbon the basis of generators of psu(2, 2|4)
is found to be
Rgb(Pm) = λmnPn +
1
2λ
np
m Jnp,
Rgb(Jmn) = λpmnPp +
1
2λ
pq
mnJpq,
Rgb(QI) = R(QI) = −IJQJ ,
(B.1)
where the coefficients λmn, λnpm , λpmn, λpqmn are
λ 40 = λ 04 = ρ, λ 32 = −λ 23 = −ρ2 sin ζ,
λ 95 = −λ 59 = r, λ 87 = −λ 78 = r2 sin ξ,
(B.2)
λ011 = λ022 = λ033 = λ044 =
√
1 + ρ2, λ121 = −λ233 = −ρ cos ζ,
λ566 = λ577 = λ588 = λ599 = −
√
1− r2, λ676 = −λ788 = r cos ξ,
λ342 = −λ243 = −ρ
√
1 + ρ2 sin ζ, λ897 = −λ798 = r
√
1− r2 sin ξ,
(B.3)
λ101 = λ202 = λ303 = λ404 = −
√
1 + ρ2, λ112 = −λ323 = −ρ cos ζ,
λ656 = λ757 = λ858 = λ959 =
√
1− r2, λ667 = −λ878 = −r cos ξ,
λ324 = −λ234 = ρ
√
1 + ρ2 sin ζ, λ879 = −λ789 = r
√
1− r2 sin ξ,
(B.4)
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λ1401 = λ2402 = λ3403 = λ0114 = λ0224 = λ0334 = −ρ, λ1312 = −λ1213 = sin ζ,
λ1412 = −λ1214 = −λ3423 = λ2334 = −
√
1 + ρ2 cos ζ, λ3424 = −λ2434 = (1 + ρ2) sin ζ
(B.5)
λ6956 = λ7957 = λ8958 = −λ5669 = −λ5779 = −λ5889 = −r, λ6867 = −λ6768 = sin ξ,
λ6967 = −λ6769 = −λ8978 = λ7889 = −
√
1− r2 cos ξ, λ8979 = −λ7989 = (1− r2) sin ξ
(B.6)
The λ-coefficients have the following properties
λm
n = − ηmm′ηnn′λn′m′ , λˇnpm = ηmm′ηnn
′
ηpp
′
λˇm
′
n′p′ , λˆ
np
m = − ηmm′ηnn
′
ηpp
′
λˆm
′
n′p′ , (B.7)
that will be used to simplify some terms in the Lagrangian. For completeness we give also
the coefficients wnpm defined in (B.11) corresponding to the action of Oinv(0)
w040 = κ2
ρ
√
1 + ρ2
1− κ2ρ2 ,
w121 = −κρ cos ζ, w011 = κ
√
1 + ρ2,
w022 = κ
√
1 + ρ2
1 + κ2ρ4 sin2 ζ , w
03
2 = −κ2
ρ2
√
1 + ρ2 sin ζ
1 + κ2ρ4 sin2 ζ ,
w232 = −κ2
ρ3 sin ζ cos ζ
1 + κ2ρ4 sin2 ζ , w
24
2 = −κ2
ρ3
√
1 + ρ2 sin2 ζ
1 + κ2ρ4 sin2 ζ , w
34
2 = −κ
ρ
√
1 + ρ2 sin ζ
1 + κ2ρ4 sin2 ζ ,
w023 = κ2
ρ2
√
1 + ρ2 sin ζ
1 + κ2ρ4 sin2 ζ , w
03
3 = κ
√
1 + ρ2
1 + κ2ρ4 sin2 ζ ,
w233 = κ
ρ cos ζ
1 + κ2ρ4 sin2 ζ , w
24
3 = κ
ρ
√
1 + ρ2 sin ζ
1 + κ2ρ4 sin2 ζ , w
34
3 = −κ2
ρ3
√
1 + ρ2 sin2 ζ
1 + κ2ρ4 sin2 ζ ,
w044 = κ
√
1 + ρ2
1− κ2ρ2 ,
(B.8)
w595 = −κ2
r
√
1− r2
1 + κ2r2 ,
w676 = κr cos ξ, w566 = −κ
√
1− r2,
w577 = −κ
√
1− r2
1 + κ2r4 sin2 ξ , w
58
7 = −κ2
r2
√
1− r2 sin ξ
1 + κ2r4 sin2 ξ ,
w787 = −κ2
r3 sin ξ cos ξ
1 + κ2r4 sin2 ξ , w
79
7 = −κ2
r3
√
1− r2 sin2 ξ
1 + κ2r4 sin2 ξ , w
89
7 = κ
r
√
1− r2 sin ξ
1 + κ2r4 sin2 ξ ,
w578 = κ2
r2
√
1− r2 sin ξ
1 + κ2r4 sin2 ξ , w
58
8 = −κ
√
1− r2
1 + κ2r4 sin2 ξ ,
w788 = −κ
r cos ξ
1 + κ2r4 sin2 ξ , w
79
8 = −κ
r
√
1− r2 sin ξ
1 + κ2r4 sin2 ξ , w
89
8 = −κ2
r3
√
1− r2 sin2 ξ
1 + κ2r4 sin2 ξ ,
w599 = −κ
√
1− r2
1 + κ2r2 ,
(B.9)
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These formulae allow one to determine the action of O(0) on psu(2, 2|4). The next two
terms in the expansion (2.18) read explicitly as
O(1)(M) = η[χ,Rgb ◦ d(M)]− ηRgb([χ, d(M)]),
O(2)(M) = η[χ,Rgb([χ, d(M)])]−
1
2ηRgb([χ, [χ, d(M)]])−
1
2η([χ, [χ,Rgb ◦ d(M)]])
= 12η ([χ, [χ,Rgb ◦ d(M)]]−Rgb [χ, [χ, d(M)]])− [χ,O(1)(M)], (B.10)
where we use again the notation χ ≡ QI θI .
Perturbative inversion Now we are ready to invert the operator O. We will do it up
to quadratic order in fermions.
Order θ0
Using the results above we find that on Pm the inverse of O(0) acts as
Oinv(0)(Pm) = kmnPn +
1
2w
np
m Jnp, (B.11)
where we have
k 00 = k 44 =
1
1− κ2ρ2 , k
1
1 = 1, k 22 = k 33 =
1
1 + κ2ρ4 sin2 ζ ,
k 55 = k 99 =
1
1 + κ2r2 , k
6
6 = 1, k 77 = k 88 =
1
1 + κ2r4 sin2 ξ ,
(B.12)
k 40 = +k 04 =
κρ
1− κ2ρ2 , k
3
2 = −k 23 = −
κρ2 sin ζ
1 + κ2ρ4 sin2 ζ ,
k 95 = −k 59 =
κr
1 + κ2r2 , k
8
7 = −k 78 =
κr2 sin ξ
1 + κ2r4 sin2 ξ .
(B.13)
The coefficients wnpm do not contribute to the Lagrangian because of the coset projection,
and their expression is given by (B.8)-(B.9).
When acting on odd elements, the inverse operator rotates only the labels I, J without
modifying the spinor indices
Oinv(0)(QI) =
1
2(1 +
√
1 + κ2) QI − κ2 σ1
IJ QJ . (B.14)
Order θ1
We use the first formula of (B.10) and (2.20) to compute the action of O(1) and Oinv(1) on
Pm and QI . First we find
O(1)(Pm) =
κ
2 Q
I
[
δIJ
(
iγm −
1
2λ
np
m γnp
)
+ iIJλmnγn
]
θJ , (B.15)
– 36 –
and we use this result to get
Oinv(1)(emPm) = −
κ
4 Q
I emkm
n
[ (
(1 +
√
1 + κ2)δIJ − κσIJ1
)(
iγn −
1
2λ
pq
n γpq
)
+ i
(
(1 +
√
1 + κ2)IJ + κσIJ3
)
λn
pγp
]
θJ .
(B.16)
For later convenience we rewrite this as
Oinv(1)(emPm) = −
κ
4 Q
I emkm
n
[ (
(1 +
√
1 + κ2)δIJ − κσIJ1
)
∆1n
+
(
(1 +
√
1 + κ2)IJ + κσIJ3
)
∆3n
]
θJ ,
(B.17)
where ∆1n ≡
(
iγn − 12λpqn γpq
)
, ∆3n ≡ iλnpγp. On odd generators we find
O(1)(QIψI) =
−1 +√1 + κ2
κ
θ¯J
[
− σJI1
(
iγp +
1
2λ
mn
p γmn
)
+ i σJI3 λpnγn
]
ψI η
pqPq + · · ·
(B.18)
that helps to compute
Oinv(1)(QIψI) = −
1
2 θ¯K
[
(−κσKI1 + (−1 +
√
1 + κ2)δKI)
(
iγp +
1
2λ
mn
p γmn
)
+ i (κσKI3 − (−1 +
√
1 + κ2)KI)λpnγn
]
ψI k
pq Pq + · · · .
(B.19)
In these formulae we have omitted the terms proportional to Jmn and replaced them by
dots, since they do not contribute to the Lagrangian. It is interesting to note that the last
result can be rewritten as
Oinv(1)(QIψI) = −
1
2 θ¯K
[
(−κσKI1 + (−1 +
√
1 + κ2)δKI)∆¯1p
+ (κσKI3 − (−1 +
√
1 + κ2)KI)∆¯3p
]
ψI k
pq Pq + · · ·
(B.20)
where one needs to use (B.7). The quantities ∆¯3p′ , ∆¯1p′ are defined by (∆3p′θK)†γˇ0 = θ¯K∆¯3p′
and (∆1p′θK)†γˇ0 = θ¯K∆¯1p′ .
Order θ2
We need to compute the action of O and O−1 at order θ2 just on generators Pm. Indeed
the operators O(2) and Oinv(2) acting on generators QI contribute only at quartic order in
the Lagrangian. First we find
O(2)(Pm) = −
κ
2 θ¯K
[
δKI
(
−γq
(
γm +
i
4λ
np
m γnp
)
+ i4λ
np
q γnpγm
)
− 12
KI
(
γq λm
nγn − λqpγpγm
) ]
θI η
qrPr + · · · ,
(B.21)
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that gives
−Oinv(0) ◦ O(2) ◦ Oinv(0)(emPm) = −
κ
2 θ¯K e
mkm
n
[
δKI
(
γu
(
γn +
i
4λ
pq
n γpq
)
− i4λ
pq
uγpqγn
)
+ 12
KI
(
γuλn
pγp − λupγpγn
) ]
θIk
uv Pv + · · · . (B.22)
Also here the dots stand for contributions proportional to Jmn that we are omitting. The
last formula that we will need is
−Oinv(1) ◦ O(1) ◦ Oinv(0)(emPm) = (B.23)
−κ4 θ¯K e
mkm
n
[
(−1 +
√
1 + κ2)δKJ
((
γu −
i
2λ
pq
u γpq
)(
γn +
i
2λ
rs
n γrs
)
+ λupγpλnrγr
)
+ (−1 +
√
1 + κ2)KJ
(
− λupγp
(
γn +
i
2λ
rs
n γrs
)
+
(
γu −
i
2λ
pq
u γpq
)
λn
rγr
)
− κσKJ1
((
γu −
i
2λ
pq
u γpq
)(
γn +
i
2λ
rs
n γrs
)
− λupγpλnrγr
)
+ κσKJ3
(
λu
pγp
(
γn +
i
2λ
rs
n γrs
)
+
(
γu −
i
2λ
pq
u γpq
)
λn
rγr
)]
θJk
uv Pv + · · · ,
and it was obtained by using (B.7).
B.2 Contribution L{101}
Here we show how to write L{101} in the form (2.25). It is easy to see that the insertion
of Oinv(0) between two odd currents does not change the fact that the expression is anti-
symmetric in α, β and we have
L{101} = −
g˜
2
αβ
(
−σIK1 +
κ
1 +
√
1 + κ2
δIK
)
(DIJα θJ)†γ0DKLβ θL. (B.24)
The above contribution contains terms quadratic in ∂θ, a feature that does no match
the canonical form of the Lagrangian. These unwanted terms remain even in the limit
of vanishing deformation. They do not cause a problem however, since they are of the
form αβsIK∂αθ¯I∂βθK , where sIK is a symmetric tensor. Thus, although not vanishing,
these terms can be traded for a total derivative αβsIK∂αθ¯I∂βθK = ∂α(αβsIK θ¯I∂βθK) and,
therefore, they can be omitted. Taking into account that
(DIJα θJ)†γ0 = δIJ
(
∂αθ¯J +
1
4 θ¯Jω
mn
α γmn
)
+ i2
IJ θ¯Je
m
α γm, (B.25)
the contribution L{101} can be rewritten as
L{101} = −
g˜
2
αβ
(
σIK1 −
κ
1 +
√
1 + κ2
δIK
)
θ¯JD
JI
α D
KL
β θL
+ ∂α
(
g˜
2
αβ
(
σIK1 −
κ
1 +
√
1 + κ2
δIK
)
θ¯JD
KL
β θL
)
.
(B.26)
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The last term is the total derivative and we discard it. Although na¨ıvely the result looks
as a quadratic expression in DIJ , this is not so, as we now demonstrate. Let us split this
expression into three terms
αβsIK θ¯LD
LK
α D
IJ
β θJ = WZ1 + WZ2 + WZ3 (B.27)
where a symmetric tensor sIK is kept unspecified. For each of these terms we then get
WZ1 ≡ αβsIK θ¯LDLKα DIJβ θJ
= −14
αβsJLθ¯Le
m
α e
n
βγmγnθJ ,
WZ2 ≡ i2
αβsIK θ¯L
(
IJDLKα (enβγnθJ) + LKemα γmDIJβ θJ
)
= +iαβsIKJI θ¯Jemα γmDKLβ θL,
WZ3 ≡ −14
αβsIKLKIJemα e
n
β θ¯LγmγnθJ ,
(B.28)
where we used the fact that the covariant derivative D applied to the vielbein gives zero
αβDIJα (emβ γmθ) = αβemβ γmDIJα θ. (B.29)
The final result is
L{101} = −
g˜
2
αβ θ¯L i e
m
α γm
(
σLK3 D
KJ
β θJ −
κ
1 +
√
1 + κ2
LKDKJβ θJ
)
(B.30)
= − g˜2
αβ θ¯I
(
σIJ3 −
κ
1 +
√
1 + κ2
IJ
)
i emα γmDβθJ +
g˜
4
αβ θ¯Iσ
IJ
1 e
m
α γme
n
βγnθJ .
B.3 Canonical Green-Schwarz form
Here, following the steps outlined in section 2.2, we explain how to find the necessary field
redefinitions that bring the original Lagrangian to the canonical form.
We thus focus on the terms involving derivative couplings only. For convenience we
collect these terms here, and write separately the contributions with γαβ and αβ
L γ,∂ = − g˜2 γ
αβ θ¯I
[
i
2(
√
1 + κ2δIJ − κσIJ1 )γn −
1
4(κσ
IJ
1 − (−1 +
√
1 + κ2)δIJ)λpqn γpq
+ i2(κσ
IJ
3 − (−1 +
√
1 + κ2)IJ)λnpγp
]
(knm + kmn)emα ∂βθJ , (B.31)
L ,∂ = − g˜2 
αβ θ¯I
[(
− i2(
√
1 + κ2δIJ − κσIJ1 )γn +
1
4(κσ
IJ
1 − (−1 +
√
1 + κ2)δIJ)λpqn γpq
− i2(κσ
IJ
3 − (−1 +
√
1 + κ2)IJ)λnpγp
)
(knm − kmn) (B.32)
+ i
(
σIJ3 −
−1 +√1 + κ2
κ
IJ
)
γm
]
emα ∂βθJ .
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To simplify this result, we first make the following redefinition of fermions
θI →
√
1 +
√
1 + κ2√
2
(
δIJ + κ
1 +
√
1 + κ2
σIJ1
)
θJ . (B.33)
Then the kinetic part of the Lagrangian turns into
L γ,∂ → L γ,∂ = L γ,∂− +L γ,∂+ ,
L γ,∂− = −
g˜
2 γ
αβ θ¯I
[
i
2δ
IJγn +
i
2κσ
IJ
3 λn
pγp
]
(knm + kmn)emα ∂βθJ ,
L γ,∂+ = −
g˜
2 γ
αβ θ¯I
[
− 14(κσ
IJ
1 + (−1 +
√
1 + κ2)δIJ)λpqn γpq (B.34)
− i2(−1 +
√
1 + κ2)IJλnpγp
]
(knm + kmn)emα ∂βθJ .
L ,∂ → L ,∂ = L ,∂− +L ,∂+ ,
L ,∂− = −
g˜
2 
αβ θ¯I
[
−
(
i
2δ
IJγn +
i
2κσ
IJ
3 λn
pγp
)
(knm − kmn) + iσIJ3 γm
]
emα ∂βθJ ,
L ,∂+ = −
g˜
2 
αβ θ¯I
[(
1
4(κσ
IJ
1 + (−1 +
√
1 + κ2)δIJ)λpqn γpq (B.35)
+ i2(−1 +
√
1 + κ2)IJλnpγp
)
(knm − kmn)
−i−1 +
√
1 + κ2
κ
IJγm
]
emα ∂βθJ .
Here we split each of the contributions into two parts according to their symmetry prop-
erties (2.29). Suppose now we perform a shift of bosons (2.28). This shift will generate
contribution to the fermionic Lagrangian originating from the bosonic one:
L(0) → L(0) + δL γ,m + δL γ,∂+ + δL ,m + δL ,∂+ +O(θ4) , (B.36)
where
δL γ,m = +g˜γαβ
(
−∂αXM θ¯I G˜MN
(
∂βf
N
IJ
)
θJ − 12∂αX
M∂βX
N∂P G˜MN θ¯I f
P
IJθJ
)
,
δL γ,∂+ = +g˜γαβ
(
−2∂αXM θ¯I G˜MNfNIJ ∂βθJ
)
,
δL ,m = +g˜αβ
(
+∂αXM θ¯I B˜MN
(
∂βf
N
IJ
)
θJ +
1
2∂αX
M∂βX
N∂P B˜MN θ¯I f
P
IJθJ
)
,
δL ,∂+ = +g˜αβ
(
2∂αXM θ¯I B˜MNfNIJ ∂βθJ
)
.
(B.37)
Here we have used ∂θ¯I fMIJ (X) θJ = +θ¯I fMIJ (X) ∂θJ , consequence of the symmetry prop-
erties of fMIJ (X), and we cut the expansion at quadratic order in fermions.
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Now one can see that picking up the coefficients fMIJ (X) as
fMIJ (X) = eMp
[
1
8
(
κσIJ1 + (−1 +
√
1 + κ2)δIJ
)
λmnp γmn (B.38)
+14(−1 +
√
1 + κ2)IJλpniγn
]
,
we are able to completely remove the contribution L γ,∂+ from the Lagrangian
L γ,∂+ + δL
γ,∂
+ = 0. (B.39)
On the other hand, this shift of the bosonic coordinates is not able to completely remove
L ,∂2 : the terms with19 δIJ , σIJ1 are cancelled out, but the ones with IJ are left over.
However, in the Wess-Zumino like term we can perform integration by parts20 to rewrite
the result such that derivatives will act only on the bosons
L ,∂+ + δL
,δ
+ =
g˜
2
αβ θ¯I
−1 +√1 + κ2
κ
IJ
emα
(
iδqm −
i
2κ(k
n
m − kmn)λ qn +
i
2κBmn(k
pn + knp)λ qp
)
γq∂βθJ
= g˜2
αβ θ¯I
−1 +√1 + κ2
κ
IJemα iγm∂βθJ
=− g˜4
αβ θ¯I
−1 +√1 + κ2
κ
IJ∂αX
M (∂βemM ) iγmθJ + tot. der.
(B.40)
Here we also used an important identity
kpm − kmp −Bmn(kpn + knp) = 0 . (B.41)
After the shift of the bosonic coordinates, the only terms containing derivatives on fermions
are L γ,∂− and L
,∂
− . The shift will also introduce new couplings without derivatives on
fermions, as indicated in (B.37). After we collect everything together, the total fermionic
Lagrangian L(2) ≡ L γ +L  becomes
L γ = g˜2 γ
αβ θ¯I
[
− i2δ
IJγn −
i
2κσ
IJ
3 λn
pγp
]
(knm + kmn)emα ∂βθJ
− g˜γαβ
(
−∂αXM θ¯I G˜MN
(
∂βf
N
IJ
)
θJ − 12∂αX
M∂βX
N∂P G˜MN θ¯I f
P
IJθJ
)
19This statement is only true if one adds to the B-field entering the bosonic Lagrangian an exact form
with components Btρ = g˜ κ2
ρ
1−κ2ρ2 , Bφr = g˜
κ
2
r
1+κ2r2 . Clearly, these will also generate new terms with no
derivatives on fermions in δL ,m of (B.37). If these components are not included, cancellation of terms
with δIJ , σIJ1 is not complete, but what is left over may be rewritten up to a total derivative as a term with
no derivatives on fermions. These two ways of treating the problem are equivalent and eventually lead to
the same result.
20Integration by parts of terms containing γαβ would generate unwanted derivatives of the world-sheet
metric and also second derivatives of XM .
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+ g˜4γ
αβ(kpq + kqp)eqα θ¯I
[
i
4δ
IJγpω
rs
β γrs
+ 18
(
−κσIJ1 − (−1 +
√
1 + κ2)δIJ
)
λmnp γmn ω
rs
β γrs
− 12
(
(−1− 2κ2 +
√
1 + κ2)δIJ − κ(−1 + 2
√
1 + κ2)σIJ1
)
λp
nγne
r
βγr
+ i4(κσ
IJ
3 − (−1 +
√
1 + κ2)IJ) λpnγn
(
ωrsβ γrs
)
+ 12(κσ
IJ
3 +
√
1 + κ2IJ)γperβγr (B.42)
− i4
(
κσIJ3 + (−1 +
√
1 + κ2)IJ
)
λmnp γmne
r
βγr
]
θJ
+ g˜8γ
αβκevαemβ kuvkmn θ¯I×
×
[
2(
√
1 + κ2δIJ + κσIJ1 )
(
γu
(
γn +
i
4λ
pq
n γpq
)
− i4λ
pq
u γpqγn
)
+ IJ
(
γuλn
pγp − λupγpγn
)
+
(
−(−1 +
√
1 + κ2)δIJ − κσKI1
)(
γu −
i
2γpqλ
pq
u
)(
γn +
i
2λ
rs
n γrs
)
+
(
(1 + 2κ2 −
√
1 + κ2)δIJ − κ(1− 2
√
1 + κ2)σIJ1
)
λu
pγpλn
rγr
)
+
(
κσIJ3 − (−1 +
√
1 + κ2)IJ
)
λu
pγp
(
γn +
i
2λ
rs
n γrs
)
+
(
κσIJ3 + (−1 +
√
1 + κ2)IJ
)(
γu −
i
2γpqλ
pq
u
)
λn
rγr
]
θJ
and
L  =− g˜2
αβ θ¯Iσ
IJ
3 i e
m
α γm∂βθJ
− g˜2 
αβ θ¯I
[
− i2δ
IJγn −
i
2κσ
IJ
3 λn
pγp
]
(knm − kmn)emα ∂βθJ
− g˜αβ
(
+∂αXM θ¯I B˜MN
(
∂βf
N
IJ
)
θJ +
1
2∂αX
M∂βX
N∂P B˜MN θ¯I f
P
IJθJ
)
− g˜4
αβ θ¯I
−1 +√1 + κ2
κ
IJ∂αX
M (∂βemM ) iγmθJ
− g˜8
αβ θ¯I
(
−σIJ3 +
κ
1 +
√
1 + κ2
IJ
)
i emα γmω
np
β γnpθJ
+ g˜4
αβ θ¯I
(
κδIJ +
√
1 + κ2σIJ1
)
emα γme
n
βγnθJ
− g˜4
αβ(kpq − kqp)eqα θ¯I
[
i
4δ
IJγpω
rs
β γrs
+ 18
(
−κσIJ1 − (−1 +
√
1 + κ2)δIJ
)
λmnp γmn ω
rs
β γrs
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− 12
(
(−1− 2κ2 +
√
1 + κ2)δIJ − κ(−1 + 2
√
1 + κ2)σIJ1
)
λp
nγne
r
βγr
+ i4(κσ
IJ
3 − (−1 +
√
1 + κ2)IJ) λpnγn
(
ωrsβ γrs
)
+ 12(κσ
IJ
3 +
√
1 + κ2IJ)γperβγr (B.43)
− i4
(
κσIJ3 + (−1 +
√
1 + κ2)IJ
)
λmnp γmne
r
βγr
]
θJ
− g˜8
αβκevαemβ kuvkmn θ¯I×
×
[
2(
√
1 + κ2δIJ + κσIJ1 )
(
γu
(
γn +
i
4λ
pq
n γpq
)
− i4λ
pq
u γpqγn
)
+ IJ
(
γuλn
pγp − λupγpγn
)
+
(
−(−1 +
√
1 + κ2)δIJ − κσKI1
)(
γu −
i
2γpqλ
pq
u
)(
γn +
i
2λ
rs
n γrs
)
+
(
(1 + 2κ2 −
√
1 + κ2)δIJ − κ(1− 2
√
1 + κ2)σIJ1
)
λu
pγpλn
rγr
)
+
(
κσIJ3 − (−1 +
√
1 + κ2)IJ
)
λu
pγp
(
γn +
i
2λ
rs
n γrs
)
+
(
κσIJ3 + (−1 +
√
1 + κ2)IJ
)(
γu −
i
2γpqλ
pq
u
)
λn
rγr
]
θJ ,
where the function fMIJ (X) is defined in (B.38).
In order to put the present Lagrangian (B.42), (B.43) in the canonical form we rede-
fine fermions as θI → UIJθJ , where the matrix U acts both on the 2-dimensional space
corresponding to the labels I, J and on the 16-dimensional spinor representation space. We
will search for U in the factorised form where we attribute the corresponding factors to the
AdS and sphere, respectively,
θI → (UaIJ ⊗ U sIJ)θJ ,
θIαa → (UaIJ) να (U sIJ) ba θJνb .
(B.44)
This is not the most general redefinition, but it will serve a purpose. Each of the matrices
UaIJ and U sIJ may be expanded over independent tensors spanning the space of all 2 × 2
matrices
Ua,sIJ = δIJ U
a,s
δ + σ1 IJ U
a,s
σ1 + IJ U
a,s
 + σ3 IJ Ua,sσ3 . (B.45)
The objects Ua,sµ with µ = δ, σ1, , σ3 are then 4 × 4 matrices that may be written in the
convenient basis of 4 × 4 gamma matrices. From the Majorana condition (A.18) we find
that in order to preserve θ†Iγ0 = +θtI (K ⊗ K) under the field redefinition, we have to
require that
γ0
(
(Uaµ)† ⊗ (U sµ)†
)
γ0 = −(K ⊗K)
(
(Uaµ)t ⊗ (U sµ)t
)
(K ⊗K) . (B.46)
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We choose to impose the following individual conditions γˇ0 (Uaµ)†γˇ0 = K(Uaµ)tK and
(U sµ)† = −K(U sµ)tK which are then solved by
Uaµ = faµ1 + ifpµγˇp +
1
2f
pq
µ γˇpq, U
s
µ = f sµ1− fpµγˆp −
1
2f
pq
µ γˆpq. (B.47)
The factors of i are chosen here in such a way that the coefficients f are real functions of
bosonic coordinates, in accord with (A.37) and (A.38). For the Dirac conjugate matrices
we then find
U¯aµ = faµ1 + ifpµγˇp −
1
2f
pq
µ γˇpq, U¯
s
µ = f sµ1− fpµγˆp +
1
2f
pq
µ γˆpq. (B.48)
Here the coefficients f are the same as in eq.(B.47).
A transformation we are looking for must bring the kinetic part of the Lagrangian to
the canonical form, that is
L γ,∂− →−
g˜
2γ
αβ i θ¯I δ
IJ e˜mα γm∂βθJ ,
L ,∂− →−
g˜
2
αβ i θ¯I σ
IJ
3 e˜
m
α γm∂βθJ ,
(B.49)
where e˜mα is the deformed vielbein given in (A.53). The matrices Uaµ and U sµ which do this
job are constructed as follows. For Uaµ we put all the coefficients f to zero, except those
which are chosen to be
faδ =
1
2
√√√√(1 +√1− κ2ρ2) (1 +√1 + κ2ρ4 sin2 ζ)√
1− κ2ρ2√1 + κ2ρ4 sin2 ζ ,
f1δ = −
κ2ρ3 sin ζ
faden
,
f04σ3 =
κρ
(
1 +
√
1 + κ2ρ4 sin2 ζ
)
faden
,
f23σ3 =
κρ2 sin ζ
(
1 +
√
1− κ2ρ2
)
faden
,
faden ≡ 2(1− κ2ρ2)
1
4 (1 + κ2ρ4 sin2 ζ)
1
4
√
1 +
√
1− κ2ρ2
√
1 +
√
1 + κ2ρ4 sin2 ζ .
(B.50)
Analogously, for U sµ all the coefficients vanish except the following ones
f sδ =
1
2
√√√√(1 +√1 + κ2r2) (1 +√1 + κ2r4 sin2 ξ)√
1 + κ2r2
√
1 + κ2r4 sin2 ξ
,
f6δ =
κ2r3 sin ξ
f sden
,
f59σ3 =
κr
(
1 +
√
1 + κ2r4 sin2 ξ
)
f sden
,
f78σ3 =
κr2 sin ξ
(
1 +
√
1 + κ2r2
)
f sden
,
f sden ≡ 2(1 + κ2r2)
1
4 (1 + κ2r4 sin2 ξ)
1
4
√
1 +
√
1 + κ2r2
√
1 +
√
1 + κ2r4 sin2 ξ .
(B.51)
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Since the corresponding transformation involves only the tensors δ and σ3, it acts diagonally
in the 2-dimensional space, i.e. separately for each of the two Majorana-Weyl fermions.
Define
U(1) ≡ Uδ + Uσ3 , U(2) ≡ Uδ − Uσ3 , =⇒ θI → U(I)θI I = 1, 2. (B.52)
These matrices satisfy
U¯(I)U(I) = 1, U¯(I)γmU(I) = (Λ(I)) nmγn,
U(I)U¯(I) = 1, U¯(I)γmnU(I) = (Λ(I)) pm(Λ(I)) qn γpq,
(B.53)
where there is no summation over I. In fact, the emerging 10× 10 matrices Λ(I) have very
simple matrix elements
(Λ(I)) 00 = (Λ(I)) 44 =
1√
1− κ2ρ2
, (Λ(I)) 11 = 1, (Λ(I)) 22 = (Λ(I)) 33 =
1√
1 + κ2ρ4 sin2 ζ
,
(Λ(I)) 55 = (Λ(I)) 99 =
1√
1 + κ2r2
, (Λ(I)) 66 = 1, (Λ(I)) 77 = (Λ(I)) 88 =
1√
1 + κ2r4 sin2 ξ
,
(B.54)
(Λ(I)) 40 = +(Λ(I)) 04 = (−1)I κρ√
1− κ2ρ2
, (Λ(I)) 32 = −(Λ(I)) 23 = −(−1)I κρ
2 sin ζ√
1 + κ2ρ4 sin2 ζ
,
(Λ(I)) 95 = −(Λ(I)) 59 = (−1)I κr√1 + κ2r2 , (Λ(I))
8
7 = −(Λ(I)) 78 = (−1)I κr
2 sin ξ√
1 + κ2r4 sin2 ξ
.
(B.55)
Remarkably, these matrices are nothing else but the matrices of 10-dimensional Lorentz
transformations
(Λ(I)) pm (Λ(I)) qn ηpq = ηmn , I = 1, 2 . (B.56)
To implement the redefinition of fermions (B.44) in the Lagrangian, we find it efficient
to use (B.53). We have, for instance,
θ¯Kb
mγmθI → θ¯KU¯(K)bmγmU(I)θI = θ¯Kbm(Λ(K)) nm γnU¯(K)U(I)θI , (B.57)
where the identity U(K)U¯(K) = 1 was inserted. Specifically,
θ¯1b
mγmθ1 → θ¯1bm(Λ1)mnγnθ1 ,
θ¯2b
mγmθ1 → θ¯2bm(Λ2)mnγnU¯(2)U(1)θ1 .
(B.58)
The terms with derivatives on fermions transform (here I is kept fixed)
θ¯Ib
mγm∂βθI → θ¯Ibm(Λ(I))mnγn∂βθI + θ¯Ibm(Λ(I))mnγn(U¯(I)∂βU(I))θI . (B.59)
The second of these terms will contribute to the coupling to the spin connection and the
B-field.
Finally, to compute the resulting quantities, we need to know how the derivatives act
on U(I)
U¯a(I)dUa(I) = σ3II
κ
2
(
ρ(2 sin ζdρ+ ρdζ cos ζ)
1 + κ2ρ4 sin2 ζ γˇ23 +
dρ
1− κ2ρ2 γˇ04
)
,
U¯ s(I)dU s(I) = σ3II
κ
2
(
−r(2 sin ξdr + rdξ cos ξ)1 + κ2r4 sin2 ξ γˆ78 −
dr
1 + κ2r2 γˆ59
)
,
(B.60)
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and also the product of matrices U(I)
U¯a(I)U
a
(J) = δIJ14 +
σ1IJ(14 − iκ2ρ3 sin ζ γˇ1)− IJκ(ρ2 sin ζ γˇ23 + ρ γˇ04)√
1− κ2ρ2√1 + κ2ρ4 sin2 ζ ,
U¯ s(I)U
s
(J) = δIJ14 +
σ1IJ(14 − κ2r3 sin ξ γˆ6) + IJκ(r2 sin ξ γˆ78 + r γˆ59)√
1 + κ2r2
√
1 + κ2r4 sin2 ξ
.
(B.61)
As a side comment, when implementing these redefinitions it is sometimes useful to work
with redefined coordinates ρ′, ζ ′, r′, ξ′ given by
ρ = κ−1 sin ρ′, sin ζ = κ sinh ζ
′
sin2 ρ′ , r = κ
−1 sinh r′, sin ξ = κ sinh ξ
′
sinh2 r′
, (B.62)
as it helps to simplify some expressions.
With this last redefinition of fermions done, we obtain the Lagrangian in the canonical
form (2.30), (2.31).
B.4 κ-symmetry
Here we work out an explicit form of the κ-symmetry transformations and show that under
the field redefinition found in appendix B.3 they reduce to the standard form. To start
with, we rewrite the equation (3.3) in the form
O−1(g−1δκg) = % , (B.63)
where we also used ε ≡ g−1δκg. Further computation will be formally the same as the one
done in section 2.1. We just need to perform the substitution ∂α → −δκ. Let us express
the left hand side of (B.63) as a linear combination of generators Pm and QI
O−1(g−1δκg) = jmδκPm + QIjδκ,I + jmnδκ Jmn . (B.64)
The contributions of the generators Jmn will not be important for us. The coefficients
jmδκ , jδκ,I are the quantities that we need to compute for finding how κ-symmetry acts on
the fields. Because % in the right hand side of (B.63) is an odd element % = QIψI , we have
jmδκ = 0, jδκ,I = ψI . (B.65)
Expanding the above equations in powers of θ, we actually stop at the leading order, i.e.
jmδκ ∼
[
# +O(θ2)
]
δκX +
[
#θ +O(θ3)
]
δκθ,
jδκ,I ∼
[
# +O(θ2)
]
δκθ, ψ ∼
[
# +O(θ2)
]
κ,
(B.66)
where # stands for functions of the bosons, in such a way that upon solving equations
(B.65) we get δκX ∼ #θκ and δκθ ∼ #κ.
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Let us start computing jmδκ . Because of the deformation, the term inside parenthesis
proportional to QI contributes
jmδκPm = −P (2) ◦
1
1− ηRg ◦ d
[(
δκX
MemM +
i
2 θ¯Iγ
mδκθI + · · ·
)
Pm −QIδκθI + · · ·
]
= −δκXMemMkmq Pq
− 12 θ¯I
[
δIJ iγp + (−κσIJ1 + (−1 +
√
1 + κ2)δIJ)
(
iγp +
1
2λ
mn
p γmn
)
+ i (κσIJ3 − (−1 +
√
1 + κ2)IJ)λpnγn
]
δκθJ k
pq Pq + · · ·
(B.67)
Imposing the equation jmδκ = 0 and solving for δκX
M at leading order we get
δκX
M = −12 θ¯Ie
Mp
[
δIJ iγp + (−κσIJ1 + (−1 +
√
1 + κ2)δIJ)
(
iγp +
1
2λ
mn
p γmn
)
+ i (κσIJ3 − (−1 +
√
1 + κ2)IJ)λpnγn
]
δκθJ + · · · .
(B.68)
The computation for jδκ,I gives simply
QIjδκ,I = (P (1) + P (3)) ◦
1
1− ηRg ◦ d
[
QIδκθI + · · ·
]
= 12
(
(1 +
√
1 + κ2) δIJ − κσIJ1
)
QJδκθI + · · · .
(B.69)
When we compute the two projections of % as defined in (3.4) at leading order we can set
θ = 0. Then we just have
P (2) ◦ O−1Aβ = P (2) ◦ O−1
(
emβ Pm + · · ·
)
= eβmkmnPn,
P (2) ◦ O˜−1Aβ = P (2) ◦ O˜−1
(
emβ Pm + · · ·
)
= eβmknmPn,
(B.70)
where the second result can be obtained from the first one sending κ → −κ. Explicitly,
%(1) = 12(γ
αβ − αβ)eβmkmn
(
Q1Pn + PnQ1
)
κα1,
%(3) = 12(γ
αβ + αβ)eβmknm
(
Q2Pn + PnQ2
)
κα2,
(B.71)
A direct computation shows that
QIPˇm + PˇmQI = −12Q
I γˇm, QIPˆm + PˆmQI = +
1
2Q
I γˆm. (B.72)
We get
%(1) = Q1ψ1, ψ1 =
1
4(γ
αβ − αβ) (−eβmkmnγˇn + eβmkmnγˆn)κα1 ,
%(3) = Q2ψ2, ψ2 =
1
4(γ
αβ + αβ) (−eβmknmγˇn + eβmknmγˆn)κα2 .
(B.73)
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Finally, we solve the equation jδκ,I = ψI , obtaining the κ-variation of fermions
δκθI =
1
1 +
√
1 + κ2
(
(1 +
√
1 + κ2)δIJ + κσIJ1
)
ψJ . (B.74)
Setting κ = 0 the formulas are simplified to
δκX
M = − i2 θ¯Iδ
IJeMpγpδκθJ + · · · ,
δκθI = ψI ,
ψ1 =
1
4(γ
αβ − αβ)
(
−emβ γˇm + emβ γˆm
)
κα1,
ψ2 =
1
4(γ
αβ + αβ)
(
−emβ γˇm + emβ γˆm
)
κα2,
(B.75)
showing that the κ-symmetry variation is the standard as expected.
To put the original Lagrangian in the canonical form we performed the field redefini-
tions and now we have to understand how the κ-symmetry transformations look like for
the redefined fields. Upon rotation the variation of fermions is modified as
θI → UIJθJ =⇒ δκθI → UIJδκθJ + δκUIJθJ , (B.76)
and since we are considering δκθ at leading order, in the following we will drop the term
containing δκUIJ . We first redefine our fermions as in (B.33) and we get
δκX
M = −12 θ¯Ie
Mp
[
δIJ iγp − (κσIJ1 + (−1 +
√
1 + κ2)δIJ)12λ
mn
p γmn
+ i (κσIJ3 − (−1 +
√
1 + κ2)IJ)λpnγn
]
δκθJ + · · · ,
δκθI =
√
2
1 +
√
1 + κ2
ψI .
(B.77)
When we shift the bosons as in (2.28), their variation is modified to δκXM → δκXM +
2θ¯IfMIJ δκθJ + θ¯IδκfMIJ θJ . Once again, since we are considering the variation at leading
order, we drop the term with δκfMIJ . Using the explicit form of the function fMIJ given
in (B.38), we find that after the shift of the bosons their variation becomes
δκX
M = −2θ¯IfMIJ δκθJ −
1
2 θ¯Ie
Mp
[
δIJ iγp − (κσIJ1 + (−1 +
√
1 + κ2)δIJ)12λ
mn
p γmn
+i (κσIJ3 − (−1 +
√
1 + κ2)IJ)λpnγn
]
δκθJ + · · · (B.78)
= − i2 θ¯Ie
Mm
(
δIJγm + κσIJ3 λmnγn
)
δκθJ + · · · .
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The shift does not affect δκθI at leading order. The final result is obtained by implementing
the bosonic-dependent rotation of fermions (B.44)
δκX
M = − i2 θ¯I U¯(I) e
Mm
(
δIJγm + κσIJ3 λmnγn
)
U(I)δκθJ + · · ·
= − i2 θ¯Iδ
IJ e˜MmγmδκθJ + · · · ,
δκθ1 =
√
2
1 +
√
1 + κ2
(1
4(γ
αβ − αβ)U¯(1) (−eˇβmkmnγˇn + eˆβmkmnγˆn)κα1
)
,
δκθ2 =
√
2
1 +
√
1 + κ2
(1
4(γ
αβ + αβ)U¯(2) (−eˇβmknmγˇn + eˆβmknmγˆn)κα2
)
.
(B.79)
The variation of bosons already appears to be related to the one of fermions in the standard
way. It has actually the same form as in the undeformed case, but with the vielbein of the
deformed theory. We can also bring the variation of fermions to the standard form if we
use the fact that for both expressions√
2
1 +
√
1 + κ2
U¯(1) (−eˇβmkmnγˇn + eˆβmkmnγˆn)κα1 =
(
−e˜mβ γˇm + e˜mβ γˆm
)
κ˜α1 ,√
2
1 +
√
1 + κ2
U¯(2) (−eˇβmknmγˇn + eˆβmknmγˆn)κα2 =
(
−e˜mβ γˇm + e˜mβ γˆm
)
κ˜α2 ,
(B.80)
where we have inserted the identity 1 = U(I)U¯(I) and defined
κ˜αI ≡
√
2
1 +
√
1 + κ2
U¯(I)καI . (B.81)
To summarise, we find the following expressions
δκX
M = − i2 θ¯Iδ
IJ e˜MmγmδκθJ + · · · ,
δκθI = ψ˜I ,
ψ˜1 =
1
4(γ
αβ − αβ)
(
−e˜mβ γˇm + e˜mβ γˆm
)
κ˜α1,
ψ˜2 =
1
4(γ
αβ + αβ)
(
−e˜mβ γˇm + e˜mβ γˆm
)
κ˜α2,
(B.82)
to be compared with their undeformed counterpart (B.75). As we see, the only difference is
an appearance of tilde in (B.82) which signifies the quantities of the deformed background.
One can also write κ-variations in terms of 32-dimensional fermions Θ. To this end,
we introduce 32-dimensional spinors K˜ which have chirality opposite to that of Θ
K˜ ≡
(
0
1
)
⊗ κ˜. (B.83)
The variations above are then written as
δκX
M = − i2 Θ¯Iδ
IJ e˜MmΓmδκΘJ + · · · ,
δκΘI = −14(δ
IJγαβ − σIJ3 αβ)e˜mβ ΓmK˜αJ .
(B.84)
– 49 –
The 10-dimensional gamma matrices Γm are defined in appendix A.3.
Let us now look at the κ-variation of the world-sheet metric, which expression is given
in (3.8). This variation starts at first order in fermions. Then we have to compute
P (1) ◦ O˜−1(Aβ+) = P (1) ◦ O˜inv(0)(−QI DβIJ+ θJ) + P (1) ◦ O˜inv(1)(emβ+ Pm) +O(θ3) ,
P (3) ◦ O−1(Aβ−) = P (3) ◦ Oinv(0)(−QI DβIJ− θJ) + P (3) ◦ Oinv(1)(emβ− Pm) +O(θ3) .
(B.85)
Let us start from the last line. We have
P (3) ◦ Oinv(0)(−QI DβIJ− θJ) = −
(1
2(1 +
√
1 + κ2) δI2 − κ2 σ1
I2
)
Q2DβIJ− θJ
P (3) ◦ Oinv(1)(emβ− Pm) = −
κ
4 Q
2 emβ− km
n
[ (
(1 +
√
1 + κ2)δ2J − κσ2J1
)(
iγn −
1
2λ
pq
n γpq
)
+i
(
(1 +
√
1 + κ2)2J + κσ2J3
)
λn
pγp
]
θJ , (B.86)
where quantities with the subscript “+” or “-” are defined through (3.9). For the first
line we can use that O˜inv(0) and Oinv(0) coincide on odd elements, while on even elements their
action is equivalent to sending κ → −κ, and we can write
O˜inv(0)(QI) = Oinv(0)(QI) , O˜inv(0)(Pm) = knmPn + #J , (B.87)
where knm = ηnn
′
ηmm′k
m′
n′ . On the other hand, the action of O˜(1) on even elements is
minus the one of O(1)
O˜(1)(Pm) = −O(1)(Pm) . (B.88)
These considerations need to be taken into account when computing the action of O˜inv(1) on
Pm. Then we find
P (1) ◦ O˜inv(0)(−QI DβIJ+ θJ) = −
(1
2(1 +
√
1 + κ2) δI1 − κ2 σ1
I1
)
Q1DβIJ+ θJ ,
P (1) ◦ O˜inv(1)(emβ+ Pm) = +
κ
4 Q
1 emβ+ k
n
m
[ (
(1 +
√
1 + κ2)δ1J − κσ1J1
)(
iγn −
1
2λ
pq
n γpq
)
+i
(
(1 +
√
1 + κ2)1J + κσ1J3
)
λn
pγp
]
θJ . (B.89)
When computing the commutators in (3.8), we should care only about the contribution
proportional to the identity operator, as the others yield a vanishing contribution after we
multiply by Υ and take the supertrace.
We write the result for the variation of the world-sheet metric, after the redefini-
tion (B.33) has been done
δκγ
αβ = 2i
√
2√
1 +
√
1 + κ2
[
κ¯α1+
(
δ1J∂β+ −
1
4δ
1Jωβmn+ γmn +
i
2(
√
1 + κ21J + κσ1J3 )e
mβ
+ γm
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− κ2 e
mβ
+ k
n
m
(
δ1J
(
iγn −
1
2λ
pq
n γpq
)
+ i
(√
1 + κ21J + κσ1J3
)
λn
pγp
))
(B.90)
+κ¯α2−
(
δ2J∂β− −
1
4δ
2Jωβmn− γmn +
i
2(
√
1 + κ22J + κσ2J3 )e
mβ
− γm
+ κ2 e
mβ
− km
n
(
δ2J
(
iγn −
1
2λ
pq
n γpq
)
+ i
(√
1 + κ22J + κσ2J3
)
λn
pγp
))]
θJ .
Here we have written the result in terms of κ¯ = κ†γ0. We do not need to take into account
the shift of the bosonic fields (2.28), since it only matters at higher orders in fermions.
To take into account the last fermionic field redefinition and write the final form of the
variation of the world-sheet metric, we split the result into “diagonal”and “off-diagonal” in
the labels I, J
δκγ
αβ|diag = 2i
[
¯˜κα1+
(
∂β+ + U¯(1)∂
β
+U(1)
− 14
(
ωβmn+ (Λ(1)) m
′
m (Λ(1)) n
′
n γm′n′ − κemβ+ knmλpqn (Λ(1)) p
′
p (Λ(1)) q
′
q γp′q′
)
+ iκ2 e
mβ
+
(
(Λ(1)) m
′
m γm′ − knm
(
(Λ(1)) n
′
n γn′ + κλnp(Λ(1)) p
′
p γp′
)))
θ1
+ ¯˜κα2−
(
∂β− + U¯(2)∂
β
−U(2) (B.91)
− 14
(
ωβmn− (Λ(2)) m
′
m (Λ(2)) n
′
n γm′n′ + κe
mβ
− km
nλpqn (Λ(2)) p
′
p (Λ(2)) q
′
q γp′q′
)
− iκ2 e
mβ
−
(
(Λ(2)) m
′
m γm′ − kmn
(
(Λ(2)) n
′
n γn′ − κλnp(Λ(2)) p
′
p γp′
)))
θ2
]
,
δκγ
αβ|off-diag = −
√
1 + κ2
[
¯˜κα1+U¯(1)U(2)e
mβ
+
(
(Λ(2)) m
′
m γm′ − κknm λnp(Λ(2)) p
′
p γp′
)
θ2
− ¯˜κα2−U¯(2)U(1)emβ−
(
(Λ(1)) m
′
m γm′ + κkmn λnp(Λ(1)) p
′
p γp′
)
θ1
]
. (B.92)
Looking at the diagonal contribution, we find that the terms containing rank-1 gamma
matrices actually vanish, as they should. The rest yields exactly the expected couplings to
spin connection and H(3)
δκγ
αβ|diag = 2i
[
¯˜κα1+
(
∂β+ −
1
4 ω˜
βmn
+ γmn +
1
8 e˜
mβ
+ Hmnpγ
np
)
θ1
+ ¯˜κα2−
(
∂β− −
1
4 ω˜
βmn
− γmn −
1
8 e˜
mβ
− Hmnpγ
np
)
θ2
]
.
(B.93)
When we consider the off-diagonal contribution we find that it gives the RR fields
δκγ
αβ|off-diag = 2i
(
−18e
ϕ
)[
¯˜κα1+
(
γnF (1)n +
1
3!γ
npqF (3)npq +
1
2 · 5!γ
npqrsF (5)npqrs
)
e˜mβ+ γm θ2
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+ ¯˜κα2−
(
−γnF (1)n +
1
3!γ
npqF (3)npq −
1
2 · 5!γ
npqrsF (5)npqrs
)
e˜mβ− γm θ1
]
, (B.94)
where the components of the RR couplings appear to be the same as in (2.33)-(2.34)-
(2.35). Putting these results together, we find the standard κ-transformation also for the
world-sheet metric (3.10). Rewriting of this variation in terms of 32-dimensional spinors is
straightforward.
C Quantisation of the light-cone Hamiltonian
C.1 Light-cone Hamiltonian
Our starting point is the Lagrangian with 16 κ-gauge-fixed fermions Θa written in the form
L = − g˜2γ
αβ∂αX
M∂βX
N GˆMN +
g˜
2
αβ∂αX
M∂βX
N BˆMN + (C.1)
+ i g˜2γ
αβ∂αX
MΘafabM∂βΘb − i
g˜
2
αβ∂αX
MΘawabM∂βΘb .
Here we define the effective metric and B-field
GˆMN = G˜MN +G(1)MN , BˆMN = B˜MN +B
(1)
MN , (C.2)
where G(1)MN and B
(1)
MN are quadratic in fermions.
We write the Lagrangian as (τσ = 1)
L = − g˜2γ
ττ GˆMNX˙
MX˙N − g˜(γτσGˆMN − BˆMN )X˙MX ′N − g˜2ΩMX˙
M +D . (C.3)
Here
ΩM = −iγττΘafabM Θ˙b − iγτσΘafabMΘ′b + iΘawabMΘ′b , (C.4)
and
D = − g˜2γ
σσ
[
GˆMNX
′MX ′N − iX ′MΘafabMΘ′b
]
+ ig˜2 γ
στX ′MΘafabM Θ˙b +
ig˜
2 X
′MΘawabM Θ˙b .
(C.5)
The canonical momentum is
pM = −g˜γττ GˆMNX˙N − g˜γτσGˆMNX ′N + g˜BˆMNX ′N − g˜2 ΩM , (C.6)
and therefore
X˙M = − 1
g˜γττ
GˆMN
(
pN + g˜γτσGˆNLX ′L − g˜BˆNLX ′L + g˜2 ΩN
)
. (C.7)
We define the Routhian
R = pMX˙M −L = − g˜2γ
ττ GˆMNX˙
MX˙N −D , (C.8)
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and expressing X˙M in terms of the momenta pM we then find the phase space version of
the Lagrangian up to quadratic order in fermions
L = pMX˙M − i2pMG
MNΘafabN Θ˙b +
i
2 g˜X
′MΘawabM Θ˙b +
γτσ
γττ
C1 +
1
2g˜γττ C2 ,
C1 = pMX ′M − i2pMG
MNΘafabN Θ′b +
i
2 g˜X
′MΘawabMΘ′b , (C.9)
C2 = GˆMNpMpN + g˜2GˆMNX ′MX ′N − 2g˜GˆMNpM BˆNKX ′K
− ig˜2X ′MΘafabMΘ′b + ig˜pMGMNΘawabN Θ′b . (C.10)
The light-cone coordinates are introduced through
t = x+ − ax− , φ = x+ + (1− a)x− ,
pt = (1− a)p− − p+ , pφ = p+ + ap− , (C.11)
and the l.c. gauge is
x+ = τ , p+ = 1 . (C.12)
We write the kinetic term and the first constraint as
Lkin = pkx˙k − i2Θaf
ab
(0)Θ˙b −
i
2Θa
(
fab(1) − g˜wab(1)
)
Θ˙b + p− ,
C1 = x′− + pkX ′k −
i
2Θaf
ab
(0)Θ′b −
i
2Θa
(
fab(1) − g˜wab(1)
)
Θ′b , (C.13)
where
pMG
MNfabN = fab(0) + fab(1) + · · · , X ′MwabM = wab(1) + · · · . (C.14)
Here f(0) is a constant matrix which squares to the identity, while f(1) and w(1) are quadratic
in transversal bosons.
Now one sees that to get the canonical Poisson structure up to quartic order in the
fields one performs the following shift of fermions
Θa → Θa − 12Θc
(
f cd(1) − g˜wcd(1)
)
f
(0)
da , (C.15)
where f (0)ac f cb(0) = δba, and f (0) as a matrix coincides with f(0).
After this shift and up to the sixth order terms in the fields the first constraint takes
the form
C1 = x′− + pkx′k −
i
2Θaf
ab
(0)Θ′b , (C.16)
and from C1 = 0 one finds
x′− = −pkx′k +
i
2Θaf
ab
(0)Θ′b . (C.17)
The Hamiltonian is then found by solving the second constraint for p−. The quartic
Hamiltonian is too complicated to be presented here but the quadratic Hamiltonian has
the same form as in the undeformed case up to some κ-dependent factors.
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C.2 Quantisation
To quantise the model we introduce the two-index notations for the world-sheet fields which
differs from the one used in the review [33] by the exchange of the indices 1 and 2, and 1˙
and 2˙ for all bosonic and fermionic fields: 1 ↔ 2, 1˙ ↔ 2˙. In addition the fermions should
be multiplied by factors ±i, to be precise
θ1α˙ → iθ2α˙ θ2α˙ → iθ1α˙ ηα1˙ → −iηα2˙ ηα2˙ → −iηα1˙ . (C.18)
This transformation is a symmetry of the undeformed model so the T-matrix would reduce
to the standard one at κ = 0.
Rewriting the quadratic Lagrangian density in terms of the two-index fields, one gets
L2 = Paa˙Y˙ aa˙ + Pαα˙Z˙αα˙ + i η†αa˙η˙αa˙ + i θ
†
aα˙θ˙
aα˙ −H2 , (C.19)
where the density of the quadratic Hamiltonian is given by
H2 = 14Paa˙P
aa˙ + 14Pαα˙P
αα˙ + (1 + κ2)
(
Yaa˙Y
aa˙ + Y ′aa˙Y ′aa˙ + Zαα˙Zαα˙ + Z ′αα˙Z ′αα˙
)
+
√
1 + κ2
(
η†αa˙η
αa˙ + 12η
αa˙η′αa˙ −
1
2η
†αa˙η′†αa˙ + θ
†
aα˙θ
aα˙ + 12θ
aα˙θ′aα˙ −
1
2θ
†aα˙θ′†aα˙
)
.
(C.20)
The fields satisfy the canonical equal-time (anti)commutation relations
[Y aa˙(σ, τ) , Pbb˙(σ
′, τ) ] = i δab δa˙b˙ δ(σ − σ′) , [Zαα˙(σ, τ) , Pββ˙(σ′, τ) ] = i δαβ δα˙β˙ δ(σ − σ′) ,
{ θaα˙(σ, τ) , θ†
bβ˙
(σ′, τ) } = δab δα˙β˙ δ(σ − σ′) , { ηαa˙(σ, τ) , η
†
βb˙
(σ′, τ) } = δαβ δa˙b˙ δ(σ − σ′) ,
and we choose the following mode decompositions for the bosonic fields
Y aa˙(σ, τ) = 1√
2pi
∫
dp 12√ωp
(
eipσaaa˙(p, τ) + e−ipσaba˙b˙a†
bb˙
(p, τ)
)
,
Paa˙(σ, τ) =
1√
2pi
∫
dp i√ωp
(
e−ipσa†aa˙(p, τ)− eipσaba˙b˙abb˙(p, τ)
)
,
Zαα˙(σ, τ) = 1√
2pi
∫
dp 12√ωp
(
eipσaαα˙(p, τ) + e−ipσαβα˙β˙a†
ββ˙
(p, τ)
)
,
Pαα˙(σ, τ) =
1√
2pi
∫
dp i√ωp
(
e−ipσa†αα˙(p, τ)− eipσαβα˙β˙aββ˙(p, τ)
)
,
(C.21)
and similarly for fermionic ones21
θaα˙(σ, τ) = e
−ipi/4
√
2pi
∫ dp√
ωp
(
−ieipσ fp aaα˙(p, τ) + ie−ipσ hp abα˙β˙a†bβ˙(p, τ)
)
,
ηαa˙(σ, τ) = e
−ipi/4
√
2pi
∫ dp√
ωp
(
ieipσ fp a
αa˙(p, τ)− ie−ipσ hp αβa˙b˙a†βb˙(p, τ)
)
.
(C.22)
21Note that the mode decomposition for fermions is slightly different from the one used in the review [33]
which in fact leads to a T-matrix which differs from the one computed in [34] by some signs. The mode
decomposition used here gives in the undeformed case the T-matrix from [34].
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Here the creation a†
MM˙
and annihilation aMM˙ operators are conjugate to each other:(
aMM˙
)† = a†
MM˙
. Then, the frequency ωp is given by
ωp =
√
1 + κ2
√
1 + p2 , (C.23)
and the quantities
fp =
1 + iνp√
1 + ν2
p2
√
ωp +
√
1 + κ2
2 , hp =
√
1 + κ2 p2fp
,
|fp|2 − |hp|2 =
√
1 + κ2 , |fp|2 + |hp|2 = ωp ,
(C.24)
play the role of the fermion wave functions.
Omitting the time dependence in all the operators and total derivative terms, one finds
that the quadratic Lagrangian takes the diagonal form
L2 =
∫
dσL2 =
∫
dp
∑
M,M˙
(
i a†
MM˙
(p)a˙MM˙ (p)− ωp a†MM˙ (p)a
MM˙ (p)
)
,
with the creation and annihilation operators satisfying the canonical relations
[ aMM˙ (p, τ) , a†
NN˙
(p′, τ) } = δMN δM˙N˙ δ(p− p′) , (C.25)
where we take the commutator for bosons, and the anti-commutator for fermions.
D Equations of motion of type IIB supergravity
In this appendix we collect the action and the equations of motion of type IIB supergravity.
The field content comprises Neveu-Schwarz–Neveu-Schwarz (NSNS) and Ramond-Ramond
(RR) fields:
NSNS: the metric GMN , the dilaton ϕ, and the anti-symmetric two-form BMN with
field strength HMNP ;
RR: the axion χ, the anti-symmetric two-form CMN , and the anti-symmetric four-
form CMNPQ.
The RR field strengths are defined as
FM = ∂Mχ , (D.1)
FMNP = 3∂[MCNP ] + χHMNP , (D.2)
FMNPQR = 5∂[MCNPQR] − 15(B[MN∂PCQR] − C[MN∂PBQR]) . (D.3)
Square brackets [, ] are used to denote the anti-symmetriser, for example,
HMNP = 3∂[MBNP ] =
3
3!
∑
pi
(−1)pi∂pi(M)Bpi(N)pi(P ) = ∂MBNP +∂NBPM+∂PBMN , (D.4)
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where we have to sum over all permutations pi of indices M , N and P , and the sign
(−1)pi is +1 for even and −1 for odd permutations. The equations of motion of type IIB
supergravity in the string frame may be found by first varying the action
S = 12κ2
∫
d10X
[√−G(e−2ϕ(R+ 4∂Mϕ∂Mϕ− 112HMNPHMNP
)
− 12∂Mχ∂
Mχ− 112FMNPF
MNP − 14 · 5!FMNPQRF
MNPQR
)
+ 18 · 4!
M1...M10CM1M2M3M4∂M5BM6M7∂M8CM9M10
]
,
(D.5)
and after that by imposing the self-duality condition for the five-form22
FM1M2M3M4M5 = +
1
5!
√−GM1...M10FM6M7M8M9M10 . (D.6)
Here G is the determinant of the metric, R the Ricci scalar, and for the anti-symmetric
tensor  we choose the convention 0...9 = 1 and 0...9 = −1. Let us write the equations of
motion for all the fields.
Equation for the dilaton ϕ
4∂Mϕ∂Mϕ−4∂M∂Mϕ−4∂MGMN∂Nϕ−2∂MGPQGPQ∂Mϕ = R− 112HMNPH
MNP . (D.7)
Note that ∂MGPQGPQ = 2∂M log
√−G.
Equation for the two-form BMN
∂P
(√−Ge−2ϕHMNP ) +√−GFPFMNP + 16√−GFMNQRSFQRS = 0 (D.8)
This equation has been derived by using (D.10) and (D.11).
Equation for the axion χ
∂M
(√−G∂Mχ) = 16√−GFMNPHMNP . (D.9)
Equation for the two-form CMN
∂P (
√−GFMNP )− 16
√−GFMNQRSHQRS = 0 (D.10)
Equation for the four-form CMNPQ
∂N
(√−GFNM1M2M3M4) = − 136M1...M4M5...M10HM5M6M7FM8M9M10 . (D.11)
22With this convention the flux of F5 through the deformed sphere is negative.
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Einstein equations
RMN − 12GMNR = TMN , (D.12)
where the stress tensor is
TMN = GMN
[
2∂P (∂Pϕ)− 2GPQΓRPQ∂Rϕ− 2∂Pϕ∂Pϕ− 124HPQRH
PQR − 14e
2ϕFPF
P − 124e
2ϕFPQRF
PQR
]
−2∂M∂Nϕ+ 2ΓPMN∂Pϕ+ 14HMPQH
PQ
N +
1
2e
2ϕFMFN +
1
4e
2ϕFMPQF
PQ
N +
1
4 · 4!e
2ϕFMPQRSF
PQRS
N ,
(D.13)
and the Christoffel symbol is
ΓPMN =
1
2G
PQ(∂MGNQ + ∂NGMQ − ∂QGMN ) . (D.14)
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